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1 Walks in Graphs

Exercise 1.1. Method I: Given v; and v;, © # j, they are two vertices of complete graph K,.
Let A; to be the number of walks of length | from v; to v;, and By to be the number of closed
walks of length | form v; to itself. So the number of all walks of length | form v; is

(p=1)"=(p— 1A+ B
Further more, we have

B —A=p@-1)A4—((p—-2)A+B)
=A-B=—-(B—-A)
= (—1)!(B1 — A1) = (-1)"*".

By B,— A= (—1)! = A = B, — (—1)', we have
(p=1'=@-1DB—(-1)(1"+5B.

Therefore



Method II: Using Recursive Relations. Given v; and v;, © # j, they are two vertices of
complete graph K,. Let G,, to be the number of walks of length n from v; to v;, and F), to be
the number of closed walks of length I form v; to itself. So we have Fy =1, Gy =0, F} =
0, Gi=1, Fb=p—1, Go=p—2. By

F” = ( - 1>Gn—1
{ G = (Z;_ 2>Gn—1 + F,_1, (1)

We have
{ anl = (p - 1>Gn72 (2)
Fn—l - Gn - (p - Q)Gn—Z-
Further we have a recursive relation about G,,:
G,—(p—1)Gp2—(p—2)G,—1 =0.

The above recurrence formula is linear and homogeneous. Its characteristic equation is x° —

(p—2)x—(p—1)=0. Then we have v1 =p — 1,29 = —1 and
Gn=ci(p—1)"+ (-1,

where ¢y, ¢y are undetermined coefficients. By Go = 0,G1 = 1, we have ¢; +¢c, =0, (p—1)c; —
cos = 1. So we have ¢; = %,02 = —i. Therefore we have

((p=1)" = (=1)"),

nzw—n@lziw—nMMAW@—m.

Method I11: We consider the number By of sequences (i1, s, ..., 4, 4;+1) of numbers 1,2,3,4,....p
such that iy, = 1, 41,1 = i, no two consecutive terms are equal. So i; # i,. We denoted the
number A; of sequences (i1, g, ..., 11, %41) such that iy = 1,141 # i. On the one hand, if iy =1,
iy has p — 1 options and iy has p — 1 options, and so on. We have (p —1)! = B+ (p — 1)A,.
On the other hand, we have

Bipi — A = (p— DA — ((p = 2)A + B) = (1)
Same as Method I, we have
Bi=((p = 1)+ (= (1)
Exercise 1.2. By Corollary 1.3, we have
fa) =X+ M+ + X =8+2-3+3- (1) + (=6) +5,
and p =15. By Lemma 1.7, we have the eigenvalues of the graph G are follows:

83,3 —1,-1,-1,-6,1,1,1,1,1,0,0,0.
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Let M to be the adjacency matrix of graph G, so M + I is the adjacency matrix of graph G'.
Therefore, the eigenvalues of the graph G' are follows:

9,4,4,0,0,0,-5,2,2,2,2,2,1,1,1,

and
fa()=9"+2-4 + (=5 +5-2"+3.

Exercise 1.3. Method I (Generating Function): By the definition of a bipartite graph G with
vertex (A, B). If l is odd, the walks of length | in G from a vertex in A will terminate the
vertez in B, vice versa. So the closed walks of length | (odd) in G is

fa) =X+ X+ ..+ A =0,

where A\, Mg, ..., A, 1s the eigenvalues of graph G.

Let f(n) to be the number of closed walks of length n in graph G, so f(2k) > 0, f(2k+1) =
0. Suppose A1, g, ..., A\, is the eigenvalues of graph G. Then

Jn) = A+ A5+ .+ A
We consider the generating function of f(n) as follow:

Fla) = f(ma" = 33 N =3 1=

n=0 i=1 n>0 i=1

If nis odd number, f(n) = A + Ay + ...+ A} = 0. We have

S F@2k + )2t = %(Z fm)a™ =3 f(n)(—2)") = 0.

k>0 n>0 n>0
Further we have ]
S (F() — F(=2)) =0,
1 S|
;1—)\ix :;14—)\@'
By Lemma 1.7, we know that the A1, Mg, ..., \, are just a permutation of the —Ai, —Ag, ..., —=Ap.

Therefore the nonzero eigenvalues of G come in pairs £\.
For instance, 1,—1,4, —4 are a permutation of —1,1, —4,4.

Method II: (Adjacency Matriz) By the definition of a bipartite graph G with vertex (A, B).
We have the adjacency matriz of G:

@ =yt M),

SXTr

where there are r vertices in A, s vertices in B. Now, we consider the characteristic polynomial

O Mr><s —iL‘I MT‘XS
f(x):det((Mt 0 )—m])zdet(Mt —a:])

SXT SXT
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_ —zl MTXS
= det ( 0 Lm'M - 9:])
1
=|—xl |- \—MtM — T Ly
xr
1
= (—2)" - —|M'M — 2*I,.|.
xs

where I denotes the identity matriz. The |M'M — 2%1,| is obviously an even function. If r
and s are both even or odd, there are even number of vertices in graph G. By observing the
above formula, we have f(x) = g(x*) for some polynomial g(x). If v is odd, s is even or r is
even, s is odd, there are odd number of vertices in graph G. We have f(x) = xg(z?*) for some
polynomial g(x).

Exercise 1.4. (a). The complete bipartite graph K, is a special bipartite graph. If | is odd,
we have fk, (1) = 0. Ifl is even, the number of closed walks from uy of length [ is given by

-1

N~
N~

srsr---srs-1=s2r

The number of closed walks from vy of length | is given by

N[~

1
rsrs---rsr-1=r2gz 1.

Thus we have

N~

fa(l) = s2ps L. p 4 p2giTl g = 9s3p3,
(b) By the result of Exercise 3 and (a), we have

fa@) =2+ (=) A+ (=) 4 o+ AL+ (A
B 0 for 1: odd
| 2(Wrs) = (Vrs) 4 (=/rs)! for 1: even.

Therefore, the eigenvalues of K, are \/Ts, —/rs (with multiplicity 1) and 0 (with multiplicity
r+s—2).

Exercise 1.5. We consider the adjacency matriz A(H,) of bipartite graph H,. Therefore we

have
fo,2)=n—-1)+n—-1)+..+(n—1)

=2nn—1)=Mn—-12*+mn-12+2n—-2
=(n—-12%+m-12+2(n-1).
The above formula holds for any n > 1. So we have
Jia(2) = X A2+ A+ (FA) o+ (=he)” 44 (=A0)7
=n—=12+10=-n)2+12+ (1) + 12+ (=12 + ... + 1>+ (=1)%

By the Ezercise 3, the eigenvalues of H, are 1 (with multiplicity n — 1), —1 (with multiplicity
n—1), n—1 (with multiplicity 1) and 1 — n (with multiplicity 1).
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We consider the adjacency matriz A(H,) of bipartite graph H,. We have

A(H) = (ng JSI)

AHY = ((J—OI)2 (J—OI)2> _ ((n—Z())J+I (n_QO)JH).

By Exercise 3, we have the characteristic polynomial

()

(—x)" - %\MtM — 2 Lo

(—1)"|M*M — 2*Lixnl,

where M = J — I and M'M = M? = (n —2)J + I. Therefore,
f@) = (=1)"(n—2)J + 1 — 2" L

[(n—1—2? n—2 n—2
n—2 n—1-—a% .. n—2
- (-
| n—2 n—2 n—1-—a?|
(n—1—2>+(n—-1)(n—2) n-—2 n—2
n—1—-224+n—-1)n-2) n—1-2? n—2
- (1 |
n—1-2+n-1)(n-2) n-—2 n—1-x
[(n—1)2 - n—2 n—2
0 1— 22 0
-
0 0 -

Form f(x) = 0, we have the eigenvalues of H, are 1 (with multiplicity n — 1), —1 (with
multiplicity n — 1), n — 1 (with multiplicity 1) and 1 — n (with multiplicity 1).

Exercise 1.6. (a). First count the number of sequences V,, Vi, , ..., Vi, for which there exists a
closed walk with vertices vy, vy, ...,v; = vy (in that order) such that v; € V;,. By Corollary 1.6,
the number above is

7#%5@—W+@—new»
By |Vi| = |Va| = ... = |Vi_1] = n, we have
ﬁwAﬂznpn““%«p—D“+@—1ﬂ—DU

=n'((p-1)"+ (- 1(-1))
= (np—n)'+(p—1)(-n)".
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Remark: Given a closed walk in a complete graph, the direction of the closed walk is fized.

(b). By Corollary 1.3, we have
Jra, () =X+ X+ o+ A, = (p—n)' + (p—1)(—n)".

By the Lemma 1.7, the eigenvalues of K, , are given by np —n (with multiplicity 1), —n (with
multiplicity p — 1), and O (with multiplicity np — p).

Figure 1:

Exercise 1.7. Let G be any finite simple graph, with eigenvalues A\, Mg, ..., \,. The number of
closed walk in G of length | is

fa) =M+ X+ .+ AL
In graph G(n), the number of a closed walk in G form v of length | will increase by n!~1 times.

So we have .
fam@) =n-n""- fa(l)
=n' A+ A+ .+ X))
= (nA)" + (nA)! + ..+ (A
The eigenvalues of G(n) are given by nAi,nAg, ...,n\, and 0 (with multiplicity np —p).

Figure 2:



Exercise 1.8. For instance, in Fig|d, we have

0
AG) = [ 1
1

—_ O =

)
1].
0

- ("70),.,

In general, we have
A(G") = (A<G[>W é) .
2pX2p

where I denotes the identity matriz of p X p, A(G") is the matriz of 2p x 2p. By

2] — A(G)| = [ﬂ I _ﬂ
B x 2pX2p
_ {(x — ) = A(G)pxp 0 }
-1 xl 2px2p

= foI] - |(z — )T~ A(G)|
= 0.

Lett=x — %, suppose the eigenvalues of A(G) are A1, Mg, ..., \p. Thus we have |tI — A(G)| =
c(t — M) (t — A2)...(t = \p), where ¢ independence t. By x — % =\, 1=1,2,....,p, we have

N EVA 4
==

xz

Figure 3:

Exercise 1.9. (a). By

and Corollary 1.2, we have cx(i,1) = wy, - ug, = u?, > 0.

(b). For example, graph G in Figl3, we have

A(G) = <(1) é) .

By |A\E — A| = X\? — 1, we have A\ = £1. Thus we have the orthonormal eigenvectors

Sh-sl
i

/o r
Uy = y Uy =

o)
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Let

we have

AG) =

4 L

oo (3 %

i V=
o (M0
0 AL

Jo= (i

2

1

So (A(G) )12 = AN, — $XL. Ifi # j, we have ¢(i, j) < 0.

2

Exercise 1.10. Because G* is the graph with the same vertex set as G, and the definition of

n(u,v), we have A(G*)

A(G)

|
—_— O = O

If the eigenvalues of A(G) are given by Ai, Ag, ...

by A2, A2, .., A2,

1
0
1
1

— O = O

O~ =

A(G)? For instance,

— N =N

N — W

[l NI V]

W = N =

, Ap, then the eigenvalues of A(G*) are given

Exercise 1.11. By K3, = Jo1 (all 1’s matriz), we can adjust the position of vertices appro-
priately. So the matriz of K3, — K% as follow:

Thus rankA(T') = 2. Since a 21 x 21
equal to 0, we conclude that A(T") has

0
0

— == O

0
0

— == O

— == O

—_ =
—_ =
—_ =

1 11
1 11
1 11
1 11

matriz of rank 2 has at last 21 — 2 = 19 eigenvalues

eigenvalues as A1, Aa. Then Ay + Ay = tr(A(I")) = 3. By

3
3

W w w w -

3
3

W w w w -

3 3

3 3
3 3 3 3

W w w w -

3 3 3
21 21 21
21 21 21
21 21 21

at least 19 eigenvalues equal to 0. Set the other two



we have rankA(T)? = 2. Therefore the eigenvalues of A(T')? are N2, 22 and 0 (with multiplicity
19). Further we have

M+ =tr(AN)?) =3 x 18 + 21 x 3 = 117.
By

A+ A =117 3)

we have Ay =9 or — 6, o = —6 or 9. The eigenvalues of A(T') are given by 9, —6 and 0 (with
multiplicity 19). Moreover, the number of closed walks in T of length | > 1 is C(I) = 9'+(—6)".

{/\1+)\2:3

Exercise 1.12. (a). Let G be a finite graph and let A\ be the mazimum degree of any vertex
of G. Let \y be the largest eigenvalue of A(G). We estimate the number of closed walks of
length 1. The number of walks form v; in G length | is < A"'. Because there are p vertices
in G, The number of closed walks in G length | is < p- A"'. Note that we have p > /\. So

fa) =X+ X+ .+ A <p- AT

Now, if Ay > /A, and | — oo, this is contradictory. Therefore we have A\ < A.

(b). We consider A(G)?, let \? be the largest eigenvalue of A(G)?. Let A\’ be the mazimum
of the row sum of matriz A(G)*. By Exercise 10, the A(G)? is a adjacency matriz of the graph
G*. So A\ is the maximum degree of any vertex of G*. By (a), we have N> < A\'. Suppose

a;pr a2 ... QAip ay;r a1 ... QAip

a21 A29 ... QA9p 21 Q29 ... QA2pn
A? =

Ap1 Ap2 ... QApp Ap1 Qp2 ... Qpp

By A is the mazimum of the row sum of matriz A(G), without loss of generality, let it be the
first row of A. So there are /N 1 in the first row. The first column is also. Therefore the first
element of the first column of A(G)? is /\. Because G has a total of q edges, the sum of degree
of all vertex of G is 2q. (Handshaking Theorem). Therefore, in addition to the first column,
there are 2¢ — A 1’s in matriz A(G). So

N<A+2— A =2
Further we have \* < 2q, A1 < |A\] < 1/2¢.

Exercise 1.13. By the given condition, there exists a positive integer £ > 1 such that for any
pair of vertices u,v, the number of walks of length £ between them is odd. Therefore, we have:

11 1
11 ... 1

A(G)e =J=1. . . . mod 2.
11 1



Since A(G)* is not of full rank, it follows that A(G) is not of full rank as well. Hence, there
exists a non-zero vector a such that A(G)a = 0. If a (mod 2) contains an odd number of 1s,
then

A(G)'a (mod 2) =Ja (mod 2) #0,

which is a contradiction. Therefore, a (mod 2)must contain an even number of 1s. Moreover,
every vertex in G is connected to an even number of vertices corresponding to the 1s in «
(mod 2) (otherwise, it would contradict A(G)ae =0 mod 2). Thus, the set S is exactly the set
of vertices corresponding to the 1s in a (mod 2).

2 Cubes and the Randon Transform

This chapter mainly uses Radon transformation to obtain the eigenvalues and eigenvectors of
the n-dimensional cube C,, and then considers the walks on C,,. However, by the relevant
results of the Cartesian products of the graph, the eigenvalues and eigenvectors of C,, can be
directly obtained.

Define: Given graph G; andGs with vertex set V' and W, respectively. Their Cartesion
product G; Gy is the graph with vertex set V' x W, where (v, w) ~ (v',;w’) when either v = ¢/
and w ~ w or w=w" and v ~ V'

The adjacency matrix of the Cartesian product G [J Gy of two graphs G and Gy is
AG1EGy) = AG) @ T+ 1 ® A(Gy),

where [ is the identity matrix, and ® is the tensor.

Let the eigenvalues of two graphs G; and Gy be Ay, ..., A, and p, g, respectively. The
the eigenvalues of Cartesian products G [ Gy are A\; + 1, where 1 <i <p,1 < j <gq.

Therefore, we have Cy := C [ . Similarly, we have
Cn:ClﬂclmClmw-DCl,

where there are n (. The eigenvalues of '} are —1,1. So the eigenvalues of C,, are n — 2:
with multiplicity (7;), i=0,1,...,n.

The above results can also be referred to in the book: A E. Brouwer and W.H. Haemers,
Spectra of Graphs, Springer. This book can also serve as an in-depth understanding of the
content of the first three chapters.

Stanley uses Radon transformation to solve problems in the book, mainly to illustrate the
power of the algebraic method of Radon transformation, as also noted in his book.

Exercise 2.1. (a). If the coin have heads up, we denote it as 0. If the coin have tails up,
we denote it as 1. Then all coins have heads up is (0,0,...,0), and tails up is (1,1,...,1).
Therefore, the state of the front and back of the coin can be seen as the vertices of n-Cube C,.
We regard the flip process of the coin as the walks in graph C,,.
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Figure 4:

By Corollary 2.5, the number of closed walks of form u = (0,0, ...,0) in C,, length [ is

7

1 n
(A = 5 (n) (n — 20
=0
So the probability that all coins will have heads up s

Ao "o (M (n—26)
P:(na :Z (2217(1l )

(b) We need to seek the number of walks of length 1 from (0,0,...,0) to (1,1,...,1). By
Corollary 2.5, w = (0,0,...,0),v = (1,1,...,1),w(u 4+ v) = n, we have

1 = (n\ (n—mn 1 e (n
l _ N N
Therefore the probability that all coins will have tails up is

P <A2m iy Z?:o<2—n175 () n — 20"

(c). Now we turn over two coins at a time. We regard it as flipping one and then flipping
another, but the second flip coin cannot be the first flip coin. For instance, n = 3, we obtain
(1,1,0),(0,1,1),(1,0,1) by turn over two steps. There are two ways to reach the goal. So the
adjacency matrix of the new graph is

1
é(A(On)z - 77,[),
where I denotes the identity matriz. Because the eigenvalues of A(Cy,) are A, = n—2w(u),u €

73, we have the eigenvalues of $(A(Cy)? — nl) are Ai;”,u € Z%. Therefore the number of

11



closed walks of length I from (0,0, ...,0) is

(A1), 1 <)\Z—nl>l
uezy
1
- on+l Z ()\12‘ N n)l
uezy

_ % io (TZ) [(n — 20)2 — nl.

So the probability is

(Al)uu . Z?:O (7:) [(n B 22)2 - n]l
() ()

Exercise 2.2. Omit.
Exercise 2.3. Omit.

Exercise 2.4. By w(u +v) = 2, same as Exercise 1(c), the adjacency matriz of the graph G

%(A(cnf —nl).

Because the eigenvalues of A(Cy) are N\, = n — 2w(u),u € ZY, we have the eigenvalues of G

are
No—n  (n—2w(u)?—n

5 = 5 U € Zy.
Therefore we have (7) eigenvalues (”_2;)2_n. Fori = 0,1,2,...,|%], there are (7) + (")
2
eigenvalues W for G.
Exercise 2.5. (a).
0 0 1 s
4 1
2 1 2
3 2 3
Z, Z; &
Figure 5:

(b). The dimension of V is n. The basis, denoted By, has elements f, defined as follows:

fu(v) = 0w, u € Z,.
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Since any g € v satisfies

9=">_ 9(u)fu

’U,GZn

Hence By spans V. Because kify, + kofu, + ... + knfu, = 0, both sides act on uy,us, ..., u, at
the same time, we have k1 = ko = ... = k,, = 0. Hence they are linearly independent as desired.

We have dimV = n.
(c). In the complezx vector space, we will use an inner product on V defined by
< f.g>=Y_ flug(u).
’lLGZn

In order to show that B is a basis, it suffices to show that B is linearly independent. (Since
#B = dimV =n). In fact, we will show that the elements of B are orthogonal. By

<X Xo > = D Xa(whxo(w) = D ¢

WEZn WE Ly,
2711 27i 271 271
— Z en W oW en UW o VW
’U)GZn ’LUEZn
_ § e%(u—v)w _ E C(u—v)w7
WEZn WEZp,

If u—v =0, i.e., u = v, we have < Xu,Xo >=n. Ifu—v # 0, i.e., u # v, for any
Y € Zn, (y #0), we have

Z v =1+ Cy'l + Cy~2 4o+ <y~(n—1)
wEZn

= 0.
The second “=" because (let x = (V)
" —1=(x—-1)(1+z+2°+.. +2"").

So the elements of B are orthogonal. Hence they are independent as desired.

(d). By

Orxu(v) = > xulv+w)

wel

_ Z Cu-(v-‘,—w)

wel

_ Z Cu-w . Cu~v

wel’

= Z ¢ Xu(v),

wel

we have ®rx, = Y, C"" - Xu- Thus the eigenvector of ®r are the functions x., with
corresponding eigenvalue A\, = Y, . ¢,

13



(e). The proof process is the same as Lemma 2.5. By

Pafulv) = Z Julv +w)

wEA
= fu(?} + 1) + fu(v +n— 1) = (5u(1,+1) + (5u(v+n_1)
= 5(u+n71)v + 5(u+1)v
= fus1(V) + furn-1(v),

we have CI)Afu = fu+1 + fu—i—n—l' For f07f1’ "‘an—lf we obtain

010 0 0 1

1 01 0 00

010 0 00
CDA(an f17 sy fn—l) = (an f17 sy fn—1>

00 . .. 101

1 0 1

This matriz is exactly the adjacency matriz A(Z,) of graph Z,.

(f). The matriz [Pa] of Pa with respect to the basis F is just A(Z,), the adjacency matriz
of Z,. By (d), the eigenvalues of A(Z,) are Ay = Y, ca (" Because A = {1,n—1}, we have

)\u — Cu + Cu(nfl)

27 27i

—en U —}-QT(“‘”_")

=ent4e
2w .. 21w 2w . . 27u
=CcoOS—— + 1 SIN—— + COS—— — 1+ SIN——
n n n n
2mu
= 2cos—,
n

where u = 0,1,2,....,n — 1. So the eigenvalues of A(Z,) are 2005%,0 <7< n—-1. Now, we
show that the corresponding eigenvectors of A\, = 2cos*™ are E, (as below). Similarly, by the

n

proof process of Corollary 2.4, we have g =), g(v)f, for any g € V. If g = xu, we have

Xu = Z Xu(v)fv = Z Cuva-

UGZn ’UGZn

Eu:ZCW-U.

’UEZ’n

Therefore

The expansion of eigenvectors of ®a in terms of the f,’s has the same coefficients as the
expansion of the eigenvectors of A(Z,) in terms of the v’s.

14



(9) The number of closed walks of length | beginning with 0 is

n—1

AZaw = - foll) = 3 (2eos ")’

u=0
But without using trigonometric functions, complex exponentials, etc.

Forn=4. Method I:
Let B = , we have B* = =F B°=B,B*=F,B>=1B,.. S

10 01
1
ol (B B
1|~ \B B)"
0

_ O = O
O = O =
—_— O = O

Further we have

l
B B
I _
2l—lBl 2[—1Bl
= <2l—1Bl 2[—1Bl)
( 2l—lE 21—1E
21—1E 21—1E
(Ql_lB 2l—lB
\

) l is even

-

2l—1B 2l—1B
( 21—1 0 2l—1 0

) [ 1s odd

0 2t o 2! .
9-1 o 9-1 l is even;
0 2l71 0 2l71
) /o0 2t oo 2
2-1 0 2t .
0 91 o 91 [ is odd.

(\2"' 0 271 0

=1 1 is even;

The number of closed walks of length | beginning with 0 is ,
0 [ is odd.

Method II: We find that graph Z, is the same as graph Z2, i.e., 2-Cube. So

2 _ .
2171 1 is even;

(AYuu = %Z (?) (2-2i) = 2(21 —(-2)) = {0 [ is odd.

1=0

Forn =6. Method I:
21 3 47

1 5
f= G {(2003%)1 + (2003?)1 + (20053)1 + (20033)1 + (2003%)1 + (2cos27)’

15



I IN IN l I IN I
= 2 |G ) A D) (=5) +(5) +1
1-2l+2 l is even;
=<3 3 ’
0 [ is odd.

Method II: If | is odd, the number of closed walks of length I clearly s 0. If I is even, let
F} to be the number of closed walks of length | form some vertez i to itself, and G} to be the
number of walks of length | form i to 1 + 2. In this Ezercise, let i = 0. Because the degree for
any vertices is 2, we have A
2! = I} + 2G} .
(by 1 is even, beginning with 0, end up 0,2,4).
In addition, we have .
B =261 (1),
(the number of walks form 0 to 1 of length | — 1 + the number of walks form 0 to 5 of length
[—1).
Moreover, we have ' '
Gt =F .+ G (2).
(the number of walks form 0 to 1 of length | — 1=the number of walks form 0 to O of length
[ — 2 + the number of walks form 0 to 2 of length | — 2).

Bring formula (2) into formula (1), we have
ﬂ = 2E—2 + QG;—E%;

E E2_E2+2G1+2_2l2
By Fy =1, F, = 2, we have

F=--2"42.
1=372t3

(FQ_FO = 20,F4—F2 = 22,F6—F4 = 24, vy Fj—F o = 2172, we have F; = 2422424 .. 4272 =
1. ol | 2
3°2°+3.)

(h). Byn > 2, We can draw the graphs for n = 2,3,4,5,6.

Forn =5, the adjacency matriz of the Z\2 is [A(Z,)2 + A(Zy) — 21, where I denotes the
identity matriz. (Because walks twice in Z& will result in closed walks). So the eigenvalues
of 72 are
92TJ 215

4cos® == 4+ 2cos—= -2, 0<j<n—1.
n n
Further more,
n—1
1 2 2
F=- ( (4cos—j+203lj—2)>
n\< n n
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: 3
z? 7 7o

7% zZ;?
Figure 6:

0 s even;

For n =2, we have F; = .
1 [ s odd.

Forn =3, we have

A:

e )
_ o

1
LI, DME-Al=A+1DN=-X=2)=A+1)*A-2)
0

Fi= (1)) + (1) +2) = (2(-1) + ),

1
3

For n =4, we have

011 1
101 1
A=, 0 1
1110
A -1 -1 —1 A -1 -1 -1
1A -1 -1 1A 1 -1
ME=Al=1 1 7 5 11T ]0 —a-1 as1 0
-1 -1 -1 A 0 —A—=1 0 A+1
A -3 -1 -1
-1 a2 1
1o 0 A+1 0
0 0 0 A+1




=AA=2) A+ 1>+ (=3) (A +1)?
=(A+1)*\-23).

So we have Fy = (3 (=1)" + 3.
Exercise 2.6. The proof process is similar to Lemma 2.3 and Corollary 2.4. We define that
A=AU(1,1,1,..,1).

Let [®x] denote the matriz of the linear transformation ®x : V — V.

Suppose v € ZF, we have

Oxfu) =D fulv+w) =D furulv).

weA weA

So
‘I)gfu = Z fu+w-

weA

Above formula say that (u,v)—entry (short for (fu, f,)—entry) of the matriz [®x] is given by

1 ifu+tve A
((I)A)uv = .
0 otherwise.

Now u+v € A if and only if w and v differ in exactly one coordinate or u + v =
(1,1,1,...,1). This is just the condition for uv to be an edge of C,,.

We have [®x] = A(C,,). By

Ay = Z(—l)“v =n — 2w(u) + (—1)*™,

vEA

(w(u) is called the Hamming weight). we have

(A= 35 : ((?) ((n —20)+ <—1>i>l).

3 Random Walks

Exercise 3.1. ...

Exercise 3.2. ...

18



Exercise 3.3. (a). (=), if all coefficients of f(x) = P(x)Q(x) are nonnegative, then f(a) =
Y aza™,¥Ya > 0,a, = 0. So f(a) > 0 and P(a)Q(a) > 0. There does not exist a real number
a > 0 such that P(a) = 0.

(<),....
(b)...

Exercise 3.4. Let M’ be the probability matriz. The graph C,, is reqular of degree n. Start at
the vertez (0,0, ...,0), after each unit of time, either stay where you are with probability p, the
probability of steppmg to a particular neighboring vertex is —2. So we have

1 —
M'(Cy) = —LACL) +pl,

where I denotes the identity matriz. The eigenvalues of M'(C,,) are

AL(Co)) = 2P0 — 20(w) +p.

n
Therefore
PO =5 3 (S 20— 20w) +p)
uezy
1 = /n\/1-p !
T (z)( n (n_QZ)+p>

Exercise 3.5.

Exercise 3.6. In Figure[7]: By the Theorem 3.4 and Ezample 3.5, this is easily to obtain the

Figure 7:
H(u,v). We can use the software “Matlab”, “Mathematica” and “Maple” compute the access
time H(u,v). For ezample, we use “Maple” to compute the follow (Figure [8):
Exercise 3.7. (a). We just take counterezample to verify.

For Fig@ we have H(u,w) =1 and H(w,u) = x 1+ 3(2+ H(w,u)). So H(w,u) = 3.
Then we need not have H(u,w) = H(w,u).

If G ia also assumed to be reqular, we have H(u,v) = H(v,u).

(b)....
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;) with(Lineardlgebra)

) 1 1 1 1 1 1 1 1 1 1
> ii= Matux[ 0. 5 0,5, 0.0,0,0, 0}, [3, 0.5 03,000 0}, [0, 5 0,0,0,2,00 o}, [3, 0,00, %0, %,
1 1 1 1 1 1 1 1 1 1 1
0} 0} 0: E) 0) E} 0: E) 0} E: 0} {OJ 0) g} 0} g: 0) 0) 0} g} {OJ 0) 0) 5} 0: 0: 0) 5} 0} |:0: 0: 0) 0) g} 0: g; 0}
1 11,
3 (e o000 g0 g0]):

:) 18 = Matrix(8, shape= identity) :

| > DeleteRow( i, 6) :

| > MV6:= DeleteColumn( % 6) :

1> T6=M[[1, 2,3, 4 5 7,8, 9], [6]]:
| > simplify(MatrixInverse(I8— MV6)) . MatrixMatrixMultipiy(% %) :
> MatrixMatrixMultiply(% T6);

12
10
6
12
9
12
10
6

Figure 8:

Figure 9:
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Exercise 3.8. In complete graph K, let the vertex set of K, be V.= {vy,vq,...,v,}. It is easy

to see that H(uy,u,) = H(ug,u,) =+ = H(uy_1,u,). So
H = 1 1+ H 1+H
(. 00) = X 1 (1 B ) (L4 B ug,,) +
1
.+ — 1(1 + H(up—1,uy))
-2
= x 14— (1+ H(uy,un)).

n—1 n—1
Therefore, we have H(uy,u,) =n — 1.

Exercise 3.9. (1). Induction method. For n = 1, we have H(vy,v;) = (1 —1)> = 0. For
n = 2, we have H(vy,v3) = (2 —1)? = 1. Suppose we have H(vy,v,_1) = (n — 2)%. Now we

consider the H(vi,v,). So
H(vi,v,) = H(vy, vp_1) + H(Wp_1,0,) = (n —2)* + H(vn_1,0p).

By
( 1 1
H(vn,tn) = 5+ 50+ H vz, 00)
1 1
H(Un—27 Un) = 5(]— + H<Un—17 Un)) + 5(]— + H(”n—iﬂ; Un))
1

H0n5,00) = 51+ H(un-a, )+ 51+ H(ons,00)

\)

H(vg,v,) = %(1 + H(vs,v,)) + %(1 + H(vy,vy))

H(vi,v,) =1+ H(vg,vy,).

\

Further more,

( 1
H(Un—h Un) =1+ §H(Un—27 Un)
1 1
H(Un727 Un) =1+ §H(Unfla Un) + §H</Un737 Un)

1 1
H(”n—?w Un) =1+ §H(Un—27 Un) + §H('Un—47 'Un)

1 1
H(vy,v,) =1+ 5]‘](03,@”) + §H(v1, Up)

H(vi,v,) =1+ H(vg,vy).

\
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Therefore we have
1 1
EH(’Un_l,’Un) = (n — 1) -+ 5
Thus H(vp—1,v,) = 2n — 3. So we have

H(vi,v,) = (n—2)*+2n—3=(n— 1)
(2). Fori# j, ifi < j, we have H(vy,v;) = H(v1,v;) + H(v;,v;). Then we have
Hvnu) = (=17 — (=1 = > —2) — £ + 2

Ifi > j, by the symmetry of graph and (1), we have H(v,,v;) = H(v,, v;) + H(v;,v5). So
H(vi,v;) = (n = j)* = (n—i)%.
Therefore we have

{Hm,vj) = (j—1)*=(i-1) ifi<j
H(vi,vj) = (n—5)° — (n—4)* if i>j.

(3). If we also have an edge between vy and v,. For H(vi,v,), we have

( 1 1
H(vy,v,) = 5 14+ 5(1 + H(vg,vy,))
1 1
H(U27vn) = 5(1 + H(Ula Un)) + 5(1 + H(U37vn))
1 1
H(vs,v,) =1+ =H(vs,v,) + =H(vg,vy)

2 2

1 1
H(Unf% Un) =1+ §H<Unf3> Un) + iH('Unfh Un)

1 1 1
\H(vn_l,vn) =5 x 14+ 5(1 + H(vp9,v,) =1+ §H(vn_2,vn).

Thus we have
H(U% Un) + H(Un—Qa Un) + H(”n—la Un)

1 1
=n—2+ §H(vl,vn) + §H(U2, V)
1 1 1
+ _H(Un—27 Un) + _H<Un—17 Un) + _H(Un—27 Un)‘
2 2 2
By the symmetry of graph, we have H(vi,v,) = H(vy_1,v,). So $H(vs,v,,) =n — 2 and
H(vi,v,)=14+n—-2=n-—1.
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(4). By (3), we have

H(vi,v,) =n—1
H(vy,vy,) = 2n — 22
H(vs,v,) = 3n — 3°

By the symmetry of graph, recursive, we have

H(vi,v) =in—i* if i <|3);

H(v, o) = (n—i)n — (n—4)2  if i > LgJ.
Now, let m be the length form i to j, the length of the shortest path. For i # j, we have
m < [5]. Son—m > |5]|. Therefore we have

H(UZ-,U]') - H(Unfmavn) =mn — m2-

Exercise 3.10. Let K,,, be a complete bipartite graph with vertex bipartition (Ay, As), where
#A1 = m, #As = n. The degree of the vertex in Ay is n, and the degree of the vertex in As
is m. Suppose uy,us € A1, uy # us and vy, v € As and vy # vy. So

1 n—1 n—1
H(uy,v) = - X 1—|—T(1+H(’U2,U1)) = 1+TH(212,111)

1
H(vg,v1) = E(l + H(ug,v1)) x m =1+ H(uy,vy).

Further we have

H(uy,v1) =2n —1; (x1)
H(vy,v1) =2n. (%2)

By
1 m—1 m—1
H x4+t H 1+
(v2,uq) - xX 1+ - (1+ H(uz,u1)) + - (ug,u1)
1
H(ug,uy) = E(l + H(vg,u1)) X n =1+ H(ve,uq).
We have

H(vg,u) =2m — 1 (x3)
H(ug,up) =2m. (x4)

For (1) (*2)(*3)(*4), this are two inequivalent cases.

Exercise 3.11. ......
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Exercise 3.12. The probability is (M[v]")y, that a random walk starting u takes to reach w
and without passing through point v in n steps. Therefore

= > Mol B = (M T,

w#v

where T'[v] is the column vector of length p — 1 whose rows are indexed by the vertices w # v,
and T'[v],, = . So

w0 = 3 () (M),

n>1

and the generating function

S Hyu, o)t = (zz () a*nato- 1T[v])u

k>0 k>0 n>1
(ZZ (”) - 1T[v]) .
k
n>1 k>0 ”
By
n k _ n 0 n 1 n n __ n
Z(k>x = (O)x + (1)95 + —l—(1)x =(1+2x)",
k>0
we have

(1 +2)M[]° + (1 +2)*M[v]' + .)T[v]).
1+ ) (I — (& + 1) M) Tl

Exercise 3.13. ......

4 The Sperner Property

Exercise 4.1. Hasses diagram of the 16 nonisomorphic four-element posets (Figure @)

Hasses diagram of the 63 nonisomorphic four-element posets (Figure .'

Exercise 4.2. (a) By f : P — P is an order-preserving bijection in a finite poset P, the f is a
permutation on finite set P. So we have f™ = id for some n, where id is an identity mapping.
Therefore f~* = f*~1. By f is an order-preserving bijection, the f* ' is also. So the f~!
an order-preserving bijection.

(b) if P is infinite, the conclusion may not be valid.

Counterezample 1: Let P = Z U x (Z denote the set of all integers), x < 0 and x is not
comparable to alln < 0. Let f(x) =z and f(n) = n+1 forn € Z. So we have x < 0 under the
map f, but x and —1 is not comparable under the map f~. So f~! is not order-preserving.
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Figure 14:

a2

Figure 15:
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Counterexample 2: In Figure[15 Let ¢ : P — P. For any i € Z, we have x; — T;i1,
Vi — Yir1. So ot is not an order-preserving map. For example yo > o, but y_, and x_; is
not comparable under the map o~ 1.

Exercise 4.3. Method I: Let F(q) = po+p1q+p2q®+...+paq", G(q) = ro+r1q+rag®>+...4+7mq™.
By G(q), F(q) is symmetric unimodal polynomials with nonnegative real coefficients. So we
have

Pi = Pn—i Ti = Tm—; i:0,1,2,...,n\m

0
Po<p1<---<ptﬂj 2PLEJ+1>.-->%

2

Therefore

F(q)G(q) =poro + (por1 + p170)q + (por2 + p1ir1 + paro)q” + ..+
Zpirjq“_j + ...+ (pmrmfl + melrm)qurn_l + (pnrm>qm+n
i+j

By observing the above equation, we have
DoT0 = PnTms PoT1+ P170 = PnTm—1 T Pn—1Tmy -

BY Di = Pn—i,Ti = T'm—i, for example, the coefficient before q* is pora +piT1+Pparo = Pn_oTm—2 +
Pr1Tm—1+ Pn_oTm—o. The right end of the equality is exactly the coefficient in front of ¢™+"=2.
For the same reason, the coefficient before q° is exactly equal to the coefficient before g™ %,
Therefore F(q)G(q) is symmetric polynomials.

Let
F(Q)G(q) = to + t1q" + t26° + . + tmsn1¢"™ "+ topng™ "

(poro < Por1 < por1 +piro = to <t
piro +por1 < pore +p1ir1 < pore +pir1 +parog =t St

PnTm < PrnTm—1 < PnTm—1 + Prn—1Tm = tm-‘,—n < tm+n—1
PnTm—-1 + Pn—1Tm < PnTm—2 + Pn—1Tm—1 < PnTm—2 + Pn—1Tm—1 + Pn—2"m

= tm—i—n—l < tm+n—2

...
and F(q)G(q)is symmetric polynomials, we can know that F(q)G(q) is unimodal polynomials.

Method II: Let F(q) = po+p1q + p2q* + ... + puq", G(q) = 1o +711q +12¢°> + ... + 1710q™. By
G(q), F(q) is symmetric unimodal polynomials with nonnegative real coefficients. So we have

q"F (é) =F(q), ¢"G (%) = G(q).
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Therefore, we have

(1) (1) = rac.

So F(q)G(q) is also symmetric.
By F(q) is symmetric and unimodal, F(q) can be expressed as

0 if n s odd,

n
2

F(q)=po(1+q+---+Q")+p’1(Q+q2+---+fJ"1)+---+{

pzq if nis even.

Define ®51 (n: odd) or % (n: even) as the center of F(q).
For example,

345¢4+52+ 7 +7¢" +5¢ +5¢°+3¢" =31 +q+ P+ P+ + ¢+ +47)
120+ + P+ + P+ )+ 0@+ + ¢ +¢°) +2(¢° + ¢*) +0.

Similarly, G(q) can be expressed as

0 if m s odd,

G(q)=ro(1+q+---+q’”)+r’1(q+q2+---+qm‘1>+"'+{ -
rmgz if m s even.

Define ™= (m: odd) or 2 (m: even) as the center of G(q).

Now, we can check that
(qi +qi+1 4. +qi+j>(qk +qk+1 4. +qk+l>

is symmetric and unimodal. Furthermore, all products of this kind have the same center.
Therefore, F(q)G(q) is the sum of several products of the above type. So F(q)G(q) is symmetric
and unimodal.

Exercise 4.4. (a). By ¢ = 2,n = 3, let « = (ay,as,a3) € V = F5. We have ay,as,a3 €
0,1 (1+1=0). Let

a; = (0,0,0), ag =(1,0,0), ag =(0,1,0), ay = (0,0,1),
a7 = 17 9

065:(1,1,0), 056:(07171)7 , Qg = 17171)7

therefore ay ~ ag are all the elements in V. Now we consider the subspace of V :
0-dimensional: a; = (0,0,0);

I-dimensional: < ay >={aq,as}, < ag >= {ay,a3},..., < ag >= {ay, ag};
2-dimensional:

< Qg, (3 >= {0517062,0537(15}, < o, Oy >= {0517Oé270647047},
< Q3,04 >= {&1,@3,0(4,046}, < g, 05 >= {051705276“67058}7
< az,ar >={ay, a3, a7,08}, < ag,a5 >= {1, ay, a5, as},

< g, 05 >=< a5, ap >=< ag, a7 >= {aq, a5, ag, ar};
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<O, Oy > <00 > <00 > <00 > <@ 0> <00 > < 0.0 >

<a, > <oy > <ay > <a;> <ag> <, > <Oz >

a

Figure 16:

3-dimensional: V =< awg, ag, g >.
So the Hasse diagram of Bs(2) is Figure [16]

(b). (Use double counting). We count the number of linearly independent k-tuples (v, va, ..., Ug)
of the vector space F'. For a k-dimensional subspace L, v, ..., ay,) of Fy', we count the num-
ber of aq, s, ..., ay such that aq, ao, ..., ap linear independence. On the one hand, for aq, there
are ¢" — 1 options. For as, there are ¢° — q options. For as, there are ¢" — ¢* options. ...

For ay, there are ¢" — ¢! options. There are a total of (¢" —1)(¢" — q)...(¢" — ¢*~') options.
On the other hand, let’s first choose a k-dimensional subspace W, and there are Z options.
After that there are ¢° — 1 options to choose the ay € W. For ay € W, there are ¢* — q

options..... For oy, € W, there are ¢* — ¢*~' options. Therefore, we have

] @ 0 e - = @ D Dl )

n
Because [

k:] is the number of elements with rank k in B,(q). So

{n] _ qk—l X qk—Z . q<qnfk+1 _ 1)(qn7k+2 _ 1)”‘(qn _ 1)
k ¢tgh?qlg = 1)@ = 1) (¢" = 1)
_ (@M =D 1) (¢ - )
(q—1)(¢* = 1)..(¢" = 1)
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_ (=¢").(1—¢"")
1-q)(1—¢)...01—q")

(¢). In the poset B,(q) (graded of rank n), the number of element of rank 0 is 1, denote
po = 1. By (b), for 1 <k < n, we know that the number of elements of rank k are

(" —1)(¢" " —1)..(g" " — D}

Pr =
(" —1)(¢* 1 —=1)...(¢q = 1)
So we have p, =1 =py if k =n. When 1 < k < n, we just need to prove py, = pn—r. By
(¢" =" = D..(¢" " = 1) (¢" = 1) (g = 1)...(¢"" = 1)

R (7 (7 Y (/) B (7T QN | ) I (R B

we just need to prove

) i VI Ut V Ut V[ Ve e

(@ —=D( " =1)..(g—1) (" F=D(¢"*1=1)..(¢—1)

After that we just need to prove

(@" = D" =1 = D" =)@ 1) (g - 1)
= (¢ = D@ = Dula = D@ = D@ = De(g™ — 1),

The above formula is clearly hold, so px = pn—r, 0 < k < n. Therefore B,(q) is rank-
symmetric.

(d).
See Figure [17:

Method I: We first to prove that every element x € B,(q)x is covered by (n — k) =
14+q+ ¢+ ...+ ¢ %" elements. In layer Py, element x is k-dimensional, the element y
that cover element x is k + 1-dimensional and it contains the elements x. The space V is n-
dimensional. In the Py1-th layer, element agq should be selected in the n — 1-dimension. So
there are a total of ¢"~%—1 options. (Subtracting 1 is because we need to remove (0,0,0, ...,0).)

By F, denote the finite field with q elements, we have q":1_1 options. By

qn—k -1

1 - TR R g4,

the element x is covered by (n — k) =1+ q+ ¢* + ... + ¢" %! elements.

For example, for the B3(2) in (a), we have < as >= {(0,0,0),(1,0,0)} if k = 1. For the
remaining n —k = 3 — 1 = 2 dimensions, we can take (1,0)(0,1)(1,1), i.e., 1+qg=1+2=3.
n—k+1_1

qg—1
In layer k — 1, there are Py_1 elements. Therefore, there are a total of nqujll_lpk,l coverage

relationships between the k—1-th and k— 1-th layers. In layer k, there are Py elements. These

elements.

For the first half, similarly, each element in layer k — 1 is covered by <
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W) TAE YA€ Brighy, A Tnp=tegr 47 hEh
3B ke L), T X OAA R 4] B2 3400
DX BT s iy B Voo, W W, U, B Ut Voo o
WHOMILE, 1k 4R, - ik Q0 L 008 ST,
R) e Fovoes fien B (4% (9 (g% 4P (@"4H T
B) TORABHLXIVITE birses o ol U U U g, oo b L
ulz:1"5 Ui Uy s Ugr).
WALATEE WARLHSE, - g P HER Wk 1M
R\ }h,u,'...uhlljﬁ [Ql?,,)lqﬁ_,lv "'le'QH)[QH‘QkJT
$He i 1 B2 R A AT S IS TS
GOUH-GPEED
[Q,IZ_,,)%M) le,QH) [QR*LQ}ZJ .

Figure 17:
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Py elements are symmetric for the coverage relationship. Therefore, for any element x in layer
k, a total of

n—k+1 k
q -1 1 q°" —1 9 1
P = = =14+q+q¢ +..+
( g—1 kl)Pk qg—1 1T 1

elements are covered by it.

Note: for

we just need to prove
(qn—k—l-l — 1) Pk:—l = (qk — 1)Pk

We just need to prove

n—k+1 _ 1) (Q" - 1) R (qn—k+2 — 1) (qk _ 1)(q” _ 1) . (qn—k+1 o 1).

(=1 (¢—1) (=D =1)-..-(¢—1)

The above formula is clearly hold.

(¢

Method 11: We use the method in (b): Selecting k — 1-dimensional subspaces in a specific
k-dimensional space. We have

k " -1 (-1 ¢ -1 2 k-1
_ — -1
(k—l) T -1 - (q-1) q-1 Teretetas

i.e., © covers (k) elements. Similarly, we have
k +1 _ qk—H -1
k /] g¢g—1"

) elements with rank k + 1. There are (Z

() (5 = () om

(The number of intermediate connections between the upper and lower layers in the Hasse
diagram). We have

There are ( ) elements with k. Therefore

n
E+1

(qn—l)m.'(qn_k—l) ) qk+171
I R s Vo |
(n k) - (q"—1)~...~(qn*k+l_1)
@ —D-r(g—1)
n—k __ 1
- qu =1+4+q+q+...+¢" "

This completes the proof.
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i+1=

Dz+1\\ )\ Uj

if=

o | 0.

i—1=

Figure 18:

(). The notation
m—k)=1+q¢+¢@+..+¢"F!
(k) =1+q+¢+..+¢ "
Suppose x € By(q);. We have
(n—14) — (2)Li(z) = ((n —3) — (2))z,

and

DipUi(z) = Diny Z Y

YEBR(q)i+1 y>w

= > (Dinw)

YEBn(q)i+1 y>=

= Z Z z

YEBn(q)i+1 y>x 2€Bn(q)i y>=

If the dimension of |t N z| <i—1, i.e., the difference between x and z is at least 2, then there
is no y € By(q)ir1 such that x < y,z < y. Therefore, in the expansion of the above equation,
the coefficient before z is 0.

If the dimension of |x N z| =i — 1, i.e., the difference between x and z is only 1 item, then
there is only one such y, i.e, y =x U z.

If the dimension of |x N z| =i, i.e, x = z, then there are a total of (n — 1) suchy (By (d)).

Therefore we have
2€Bn(q)i |zNz|=i—1

Similarly, we have

Ui1Di(z) = Uiy Z Y

YEBn(q)i—1 y<z
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= Z Z z

YEBR(q)i—1 y<z 2€Bn(q)i y<z

If the dimension of |x N z| < i — 1, then there is no y € By,(q)iy1 such that x < y,z < y.
Therefore, in the expansion of the above equation, the coefficient before z is 0.

If the dimension of |x N z| =i — 1, then there is only one such vy, i.e, y = x U z.

If the dimension of |x N z| =1, i.e, x = z, then there are a total of (¢) suchy (By (d)).

Therefore we have
U1 Di(z) = (i)x + > .
2€Bn(q)i |eNz|=i—1
So we obtain
DiUi(x) — U1 Di(z) = (n — 1)z — (4)x,
D U — Ui 1D; = ((n —4) — (4))1;.
This completes the proof.

(f). Let [U;] represent the matriz corresponding to U; under bases By(q); and B, (q)it1-
Let [D;] represent the matriz corresponding to D; under bases By(q); and By, (q)i—1. Suppose

11 Qa2 @13 ... QAim

Q21 Q22 (A23 ... A2,
Ui(xlwx%'“axm) = (ylay27"‘7yn> )

Ap1 Ap2 Ap3 ... Qpp

nxm

where a;; € {0,1}, 1 < i< n, 1 <j<m. Therefore covering 1 should be {a11y1, a1y, ..., An1Yn};
covering xo should be {a12y1, a2oys, ..., Anayn };...; covering T, should be {a1my1, Gom¥y2, -, Cnm¥Yn }-

So we know that covering y; should be {ay1x1, a12%2, ..., a1mTy }. By analogy, we can obtain the
elements covered by ys2,ys,.... By

11 Q21 Q31 ... Qpi

Q12 Q22 Q32 ... Qp2
Di+1(y17y27"'7y77«) = (x17x27“'7xm) ;

A1m  Q2m A3m - Qpm

mxn

we have [U;] = [Diy1], i.e., [Ui_1] = [D;]'. Therefore U;_1D; is a positive semi-definite matriz,
it has non negative real eigenvalues. By (e), we have

So The eigenvalues of D 1U; are obtained by adding (n—1) —(2) to the eigenvalues of U;_1 D;.
By .
qnfl -1

(n—i)=1+q+¢+.+¢ " '= ,
qg—1
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. - P11
(B)=14+q¢+¢F+..+¢ 1:qu,

when (n — ) — (2) > 0, we have
n—i_l 2_1
q > q
g—1  q-1

. . n
(q>1):>q”_’>q1:>n—i>i:>i<§.

Now, the eigenvalues of D; 1U; are non zero positive numbers. So Matriz D;1U; is invertible,
rank(Di1U;) = rank(U;) = m and U; is column full rank. Therefore if i < %, the U; is
injection. Similarly, if 1 = 5, the U; surjective. Because U; is an order-raising operator, by
Lemma 4.5, we know that there exists an order-matching p : By(q)i — Bn(q)it1 when i < 3.
There exists an order-matching p : By(q)iq1 — Bn(q); when i > §. By Proposition 4.4, we

know that B,(q) is rank-unimodal and Sperner.

Exercise 4.5. (1). If S} = Sy = ... = Sk, then P is clear rank-unimodal.

(2). If S;nNS; =0, i # j, i.e, S1,5,...,S, does not intersect with each other. Let
#S) = #Sy = ... =#S, =n. By <g) , (T) R (Z) is the n-th line of the Pascal triangle.
This is rank-unimodal. So k (g) Jk (711) . (Z) 18 clear rank-unimodal.

Exercise 4.6. Let C,Cy,...,Cyn be a symmetric chain decomposition, Ay, As,...A,, be all
antichains of P. Suppose P = PiW Py W ---W P,, where Py, Piyo, ..., Piyj is the largest size j
levels of P. Suppose A be set of the largest size of a union of j antichains. Now, we prove

#(Pi1 W Pya W W Pyj) = #A.

First, the P' = P,y W PoW--- W Piyj is a union of j antichains, So we have #P' < #A.
Next, we prove #P' > #A. By

N

N
HA= H#ANCL), #P' = #(P'nC),
k=1

k=1

we just need to prove #(A N Cy) < #(P'NCy). Because A is a union of j antichains, we
know #(A N Cy) < j (Pigeonhole Principle). By P’ is a union of j levels of P, we have
#(P'NCy) <j. If #(P'NC) = 7, then we have #(ANCy) < #(P'NCy). If #(P'NCy) < 7,
then Cy, C P'. (if not, there is x € Cy \ P'. Then there is 2’ € Cyx. So #(P'NCy) =j.) So
P'NC,=Cy and ANCy C C, = P'NCy. Therefore #(ANCL) < #(P'NCy). This completes
the proof.

Exercise 4.7. (a). Obviously.
(b). This is Dilworth’s theorem. See [1)].

(R. P. Dilworth, A decomposition theorem for partially ordered sets, Annals of Mathemat-
ics, 51 (1950), 161-166.)
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5 Group Actions on Boolean Algebras

Exercise 5.1. (a). The ¢ is identity element and m = (12). Note the subset {i,j} of {1,2,3,4}
denoteij. Bym-1=2,n-2=1,n-3=3,7-4=4, we have

712=12 71-13 =23, 7-14 =24, 7-23 = 13,

m-24=14, m-34 =34, 7-123 =123, 7 -124 = 124,

m-234 =134, w134 =234, 7-1234 = 1234,

Fach point (orbit) in the following figure (Figure @) 1s marked with an element in the orbit:

1234

Figure 19:

(b). By the orbit of m = (12)(34):

{12}, {3,4}, {12},
(13,24}, {14,23}, {34},
{123,124}, {134,234}, {1234},

The Hasse diagram as follow (Figure @)

Exercise 5.2. The Hasse diagram as follow:

The size of the largest antichain is 6. There are 2* — 14 2 4+ 3 = 20 such antichains.

Exercise 5.3. The Partial order relationships can be uniquely determined by Hasse diagram.
The example as follow: Let G ={e,n} and w:6 — 7;7 — 6;4 — 5;5 — 4. Other unchanged.
So % = e and G is a group. Therefore the Hasse diagram of P/G as follow: However, the
largest antichain is {2,3,8,9}. This are 4 elements. So it is not Sperner.

Exercise 5.4. .

Exercise 5.5. (a). In the poset B, (q) (graded of rank n), let x € {iy,ia,...,0x} € By, 1 <k <
n. Assuming that B, is equivalent to the linear arrangement of the set {0,1} with a length
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1234

Figure 20:

Py
Py
Ps
P
P

[ ]
2
-

queE

2
—’-’_ -

ey
——

u
.
—

r 4 ‘.4_ | |
o ____, \ J |
@'.@ f_.“__f ,_____ \ __}_, _f_j_r
e _ \[\f N u ol
//. .w/f @ ’,___, %
== AR I
<\ _________ .___ \ _,_/
/./,.____ _h ;_ .,H,__ ____ \
| PEN @A
@R 5 ___ /
/\ [/
{ __._ ____ /
/,, __._ I/
\\ /

Figure 21:

38



._: /./ s
@. /.,A ﬁ ,J% \ . .

e
e o
.
L‘:A'/
. 8 5
Figure 22
10
1

A . \f | .
AVH |4 Al [P
.m/ _,,.,I. .O .,/_;,f .M
/;. _w,f

Figure 23:

39



10
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Figure 24:

of n. If x € {iy,ig,....,ix} € By, then we have the arrangement (0...1...1...1...0), where the
positions of 1 appears are iy, 1s, ..., i, respectively. Obviously, this is a bijection.

Let G =< (123..n) >, for any 7 € G, we have 7 - x = {7n(i1),7(ia), ..., (i)} € Bnp.
This group action corresponds to a circular arrangement of all {0,1} sets of length n. By the
N,, denote the set of all (0,1)—necklaces of length n, we know N, = B, /G. Therefore N, is
rank-symmetric, rank-unimodal and Sperner.

Note: The proof of rank-symmetric. Suppose x € N, the x denote the (0,1)—necklaces
of length n. We can obtain T from by changing 0 to 1 and 1 to 0. So T € N,. If x; is a
necklaces of rank i, then T is a necklaces of rank n — i in N,. (exist x; < exist T). Let |x;|
denote the weight of x;. We have |z;| =1 < |[T] = n —i. So |(Nn)i| = |(Nn)n—i| and N, is
rank-symmetric.

). ...

Exercise 5.6. .

Exercise 5.7. We have M = {a; - 1,as2-2,...;a; - k}. Let n = Zle a; and B, is Boolean
algebra of rank n. Let’s change the expression for the set A:

k—1 k .
M= {1%,1%, .. 1@ 2utl  gataz gartaxtl pdiiopatl X ai)

Obviously, this set has a; i’s. We need to find a suitable n and a subgroup G of G, such that
By = B, /G. Due to the fact that the element in the first layer of By is 1,2, ..., k, there are
k orbits in the first layer of B, /G. Let

k

G = Sta1) X Slar+1,ar+as] X X Slayteeap_g+Lar+tag)s 1= E a;.
i=1

So By = B, /G. By Theorem 5.8, the By is rank-symmetric, rank-unimodal and Sperner.
FAFAAAKKIIIFARAKKIIIFF TR o0 ame errors below *FFFF XKLL AAKKIIAFARH
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For example, the case ay = 2,as = 3. We have M = {2-1,3-2} = {1',12,23,21, 25}, Let
G =< (12)(345) >, m = (12)(345). We have -1 =2,7-2=1,1-3=4,7-4=57-5= 3.
So we have 2 orbits in the first layer: {1,2},{3,4,5}.

Now, we consider the second layer (We use — to represent the change under the action

of m).

T-12=12
7-13=24 —-15—23 — 14 — 25 — 13
w34 =45 — 35 — 34

Therefore, there are 3 orbits in the second layer of B, /G: {12},{13,24,15,23,14,25}, {34, 45,35}.
For the third layer, there are 3 orbits.

m-123 =124 — 125 — 123
m-134 =245 — 135 — 234 — 145 — 235 — 134
- 345 = 345

For the fourth layer, there are 2 orbits.

w1234 = 1245 — 1235 — 1234
- 1345 = 2345

Obuviously, the fifth layer is {12345}. Now, the Hasse diagram as follow (in Figure :

Figure 25:

Exercise 5.8. .
Exercise 5.9. (a).......

(b). By (a), if p # 0(mod4), then ¢ is invertible, i.e, ¢ is a bijection. For different
graph G and G', we have o(G) = Gy + Go + ... + G, and o(G') = Gy + Gy + ... + G, i.e.,
©(G) # ¢(G"). So G1,Gs, ..., G, uniquely determine G.
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(d). Two four vertex graphs with different edge numbers (in Figure @)

RN

Figure 26:

Then the unlabeled graph of G is G; (in Figure :

N Z N

Figure 27:

Then the unlabeled graph of G' is G; (in Figure @)

N 2V

Figure 28:

Therefore, G and G' have the same unlabeled graph G’

(e). If p =4, G is not necessarily weakly switching-reconstructible. The counterexample
is as follows (in Figure[29):
They have the same label graph G; (in Figure @)

Exercise 5.10. Ifi = j, The conclusion is clearly hold.

If0 <i < j <%, we use induction: If i = j —1, then |[SUT| <2j —2 <n—2. So there
erist v € X \ (SUT), such that SU{z}, T U{z} is the j—element subsets. Therefore, there
erist m € G such that 7(SU{z}) =T U {x}. So we have p; =1 in B,/G.

The B,/G is a poset graded of rank n, rank-symmetric, rank-unimodal and Sperner. So
we have

I1<po<pi <pp<---<p; =1,
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Figure 30:
Then
po=pi=p2=---=p;j =1

Therefore G acts transitively on i—element subsets for all 0 < i < j.

Exercise 5.11. In Figure |31}
By G =< (12345) >, we have

(G-1={1,2,3,4,5}

G- 12 = {12,23,34, 45,15}

13 = {13,24,35,14, 25}

- 123 = {123,234, 345, 145,125}

- 124 = {124,235,134, 245,135}

- 1234 = {1234, 2345, 1345, 1245, 1235}
- 12345 = {12345},

QA an

We need to calculate

Us(12) = 1 - 123 + ¢y - 124;
Us(13) = ¢} - 123+ ¢, - 124.

Us(via) = €1 - U123 + Co - V124 = Uy (Z $>

rel2

= U(12 4+ 23 + 34 4 45 + 15)
= 2(123 4 125 + 145 + 234 4 345) + (124 4 235 + 134 + 245 + 135)
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124

13

Figure 31:

= 2-vi93 + 1 - vy,

we have U(12) = 2-123 + 1 124.
Similarly, by

Us(vy3) = 0/1 - U123 + CIQ “U124 = Uy (Z $>

€13
= Uy(13+ 24 + 35+ 14 + 15)
= 2(124 + 235 + 134 4 245 4 135) + (123 + 234 4 345 4 145 4 125)

=1-vi23 + 2 vj24,

we have U(13) = 1-123 +2-124. So
— 2 1
Ua(12,13) = (123,124) (1 2) .

Exercise 5.12. .

Exercise 5.13. .

6 Young Diagrams and ¢-Binomial Coefficients

Exercise 6.1. .....
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Exercise 6.2. (a)...

(b): This result was first presented in the article: Germain. Kreweras, "Sur une classe
de probléemes de dénombrement liés au treillis des partitions des entiers”. Cahiers du Bureau
universitaire de recherche opérationnelle Série Recherche, Volume 6 (1965), pp. 9-107.

It is also a special case of the result found on page 242 of the second volume of the book
by P. A. MacMahon, Combinatory Analysis (1915,1916), reprinted by Chelsea in 1960.

The authors recommend consulting the paper by G. Kreweras and H. Niederhausen, ”So-
lution of an enumerative problem connected with lattice paths”, European Journal of Combi-
natorics, Volume 2 (1981), pp. 55-60.

See also the sequence [A111910] on the OEIS website.
Exercise 6.3. .....

Exercise 6.4. (a). By

Let an order matching p = L(2,n); — L(2,n)i41 ,i < n be p(A) = N. Let A = (x,y). So
N = pu(N) = (z+41,y), where x represents the size of the first component, y represents the size
of the second component. By i < n, we have x+y < n ,x+1+y <n+1 < 2n. This definition
is well-define. By the Young Diagrams, we have X' € L(2,n);11 and p is L(2,n); = L(2,n);41
an order matching.

(b), (c). See [4)]. Guoce Xin, and Yueming Zhong, an explicit order matching for L(3,n)
from several approaches and its extension for L(4,n).arXiw:2104. 11003v1, and its references.

Exercise 6.5. .....

Exercise 6.6. .......

7 Enumeration Under Group Action

Exercise 7.1. If we are allowed to flip necklaces over, not just rotate them, then the group
becomes the dihedral group of order 20. If { = 2m, i.e., { is even, then we have two cases to
flip necklaces over as Figure . So we have the terms mz22y"" (type(n) = (2,m — 1)) and
mzy' (type(w) = (0,m)).

Stmilarly, if { =2m +1, i.e.,  is odd, then have one case to flip necklaces over as Figure

[33. So we have the term (z1z5" (type(w) = (1,m)). By Theorem 7.5 and Theorem 7.10, if
¢ = 2m, then we have

1
T, Z ¢(d)z§/d +mzi Tt + mey
dje
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Figure 32:

Figure 33:
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If { = 2m + 1, then we have
1
Y] Zcb(d)Zs/d + {22y
dle

Exercise 7.2. (a). Mark 1 to 7 from top to bottom for I' as follows: Due to G being an

Figure 34:

automorphism group of ', we hcwe e = (1)(2)(3)(4)(5)(6)(7) € G and (45) € G,(67) €
G, (45)(67) € G, (23)(46)(57) € G, (23)(47)(56) € G. Let

)(2)(3)(4)(5)(67)
)

e~
(S
~—
—~
D
~
—~
~J
~—
—~
[a—

By G is group, we have
e = momy = (1)(23)(4657) € G,

mr = mmy = (1)(23)(4756) € G.
We can verify that wg. 77 is indeed an automorphism of I'. Therefore we have
G{e7 T, T2, T3, T4, Ts, T, 7T7}7 #G = 8.

So

Za = —(2] + 22020 + 2322 + 22125 + 2212024).

Al
(b). By Theorem 7.5, the number Ng(n) of inequivalent n-colorings of T' is given by

Ne(n) ch(”: (n" 4+ 2n° +n® + 2n* + 2n?).
# TeG

Alternative approach: by Polya Theorem, we have
Fo(ri,re,yntn) = Za(ri + 1o 4 oA rp,r2 4024 402 el )+ 10,

If riy =ry=..=r,=1, then we have
1
Ng(n) = Fg(1,1,...,1) = g(n7 +2n8 +n® + 2n* + 2n?).
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[ 3]

Figure 35:

Exercise 7.3. .

Exercise 7.4. The four corners of a reqular tetrahedron are 1,2,3,4 as Figure [35. Due to

the fact that all four triangles of a reqular tetrahedron are equilateral triangles, for point 1, we
have

G1| = ##{e, (1)(234), (1)(243)} = 3,
O1] = {1,2,3,4) = 4.

So we have |G| = |G1| - |O1] = 12. In a regular tetrahedron, when considering fized vertices, it
15 equivalent to also considering fized faces. For example, a straight line passing through vertex
1 and the center of a tetrahedron must pass through the center of the base surface. Therefore,
When fizing a vertez (face), there are a total of 8 items for circle type 21z, namely:

(1)(234), (1)(243), (2)(134), (2)(143), (3)(142), (3)(124), (4)(123), (4)(132).
When fizing the edges, there are 3 for circle type 23, namely:
(12)(34), (13)(24), (14)(23).

The circle type of unit element (1)(2)(3)(4) = e is z}.
().

1
Zg = E(Zil + 323 + 82123).

(b). The number of inequivalent n-colorings is given by
Loy 2
Ng(n) = E(n + 11n7).

(¢). Now we label the edges of a regular tetrahedron as 1,2,3,4,5,6 in Figure . When
fizing a vertez, there are a total of 8 items for circle type 23, namely:

(123)(456), (132)(465), (124)(356), (142)(365),

(146)(325), (164)(352), (136)(254), (163)(245).
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Figure 36:

When fizing the edges, there are 3 for circle type 2323, namely:
(2)(6)(34)(15), (3)(4)(15)(26), (1)(5)(34)(26).

The circle type of unit element e = (1)(2)(3)(4)(5)(6) is 28. The cycle index polynomial is
given by

1
12(,21 + 823 + 3212’2)

The number of inequivalent n-colorings is given by

Zag =

1
—(n% +8n* + 3n%).

Na(n) = 33

Exercise 7.5.

Exercise 7.6. By cyclic symmetry, i.e. the rotation of the chain, let m = (123..2n),G =
{1,m, 72 ...,7>" 1}, By Theorem 7.10, we have

ng (r +bd

d|2n
— Z K(ry, o)r' b

11,02
2n

i
- 2 r > (F) oo
d|2n =
R we want to know

al

We want to know the coefficient k(n,n) of r™b™. In other words, when i =
the coefficient before

G 0E T d ="
If d|n, i.e., i is an integer, we have
1 2n
sl = 5 (@) (1)
din d

i.e., k(n,n) = % Z“O(d) <2§) |



Exercise 7.7. The M obius function is given by
0 n=1;

p(n) = (=1 n=pips..pr (pi # p));
0 otherwise,

where p; is prime number. We have
Z dMy(n) = n',
djl

According to the Mobius inversion formula:

£ =3 0ld) <= g1) = 3 wld) 7 (5),

djl djl

we have

L My(n) = p(d)nd,

dll
M) = 3 (o,
dll
1 Ny
Mi(n) = 7 Z“(E)”
d|l

Exercise 7.8. (a). We label these ten balls from top to bottom as 1,2,3,4,5,6,7,8,9,10 in
Figure [37. Due to the fact that the triangular queue can rotate freely in a two-dimensional

Figure 37:

plane, we have

G = {e, (1710)(286)(349)(5), (1107)(268)(394)(5)}.

The cycle index polynomaial is given by
1
ZG = g(leo + 22123).
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Therefore the generating function of inequivalent colorings using the ten colors is given by

_ s : 11,12 110
Fa(ri,ro,...,r10) = E K(i1, 02, <oy 110) 7] 752110

11,82,.4+,810

=Zg(ri + 2+ . + 110,75 + 75 + oo + 750, )

1 10 10 10 10 \ 3
(b). By (a), we have

FG(T1,T2, ...,7‘10) = % <Z T’i> +2 (ZT’> (Z r?)

The polynomaial theorem is

n n n
(1 + 29+ ..+ 2)" = E (n n)xlle...m?t.
1y ooy 102

Find the inequivalent colorings numbers of 4 red balls, 3 green balls, and 3 chartreuse balls,
that is, find the coefficient r(4,3,3,0,...,0) of rir3rs. We have

1 10 3
r(4,3,3,0,...,0) = 3 ((4 3 3) 2 (1 1 1)>

Find the inequivalent colorings numbers of 4 red balls, 4 turquoise balls, and 2 aquamarine
balls, that is, find the coefficient r(4,4,2,0,...,0) of ririr:. We have

1
K(4,4,2,0,..,0) = 3 ((4 140 2) +0) — 1050,

Exercise 7.9. Up to the action of Dy, consider C' = {r,b,y}. We calculate the Np,(3) The
elements colored with r are X \ (SUT'). The elements colored with b are: set S. The elements
colored with y are: T'\ S. Now, we have

1
Zp, = g(QZg’Q 4+ 228228 + 22,5 + 232 4 204,
Therefor, let z; = 3, we obtain

1
Np,(3) = §(3 2332 42.3% 2316 435,

51



Exercise 7.10. By f(n) denote the number of inequivalent n-colorings of X, we have

n # Z C(ﬂ'

TeG
where ¢(m) is the number of cycles in w. Furthermore, we have

1
g

where ¢; is the number of permutations with v cycles in G. By #X =1, then the permutation
corresponding to ¢, = 1 is (1)(2)...(1). We have

. f(n) Coen+ean®+ .+ eontt 40t 1
lim —= = lim = )
n—00 M n—00 #G - n! #G

f(n) = —(cin+ con® + ...+ en' + ...+ ¢nl),

Exercise 7.11. First, we have

#G(cln—l—cgn—l— A eontTt4nh)

(n'' + 540n° + ... + 10n).

= 443520

where ¢; is the number of permutations with i cycles in G. Two polynomials that are equal
have the same coefficients.

(a). The order of G is # = 443520

(b). There is an identity element e = (1)(2)...(1) (2}) in any group G. So we have | = 11,
pe., #X =11,

(c). Let m be the transpositions in G. Then the cycle index polynomial of T is zx = 23zy.
The coefficient of n'® in f(n) is 0. So the number of transpositions in G is 0.

(d). By Burnside’s lemma, the number of orbits of G (action on X ) is

1

X/61 = 25

> #Fix(n),

TeG

Fix(r) = {y € z,7(y) = y},
where #Fix(m) is the number of cycles of length one in the permutation 7.

By there exist the term 10n in f(n), and #X = 11, we know that there exist 11-cycles in
G. Let m € G be a 11-cycles in G. For any x € X, we have

{7 (x)|k =1,2,..,11} = X.

So there is 1 orbit.
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(e). We only need to find the non trivial normal subgroup of G. By there ezist the term
10n in f(n), and #X = 11, we know that there exist 11-cycles in G. Let m € G be a 11-cycles
in G. Therefor, (m) is a normal subgroup. Since for any o € G, we have

o(iyig---i1y)o " = (o(i1)o(iy) - - - 0(i1n)) € (7).

KHIAFKIAFKIAFKIAFIFAFIFAF TR ome are errors below F*FFFFFFFFKIAFKAAFKKIAF KKK

The coefficient of n® in f(n) is 540. The n® come form the type 1722 and 183. Suppose

™ = (al)(a2)...(a7)(a8a9)(aloau),U = (al)(ag)...((lg)(agaloan),

where a; € {1,2,...,11}, a; # a;,(i # j). If there are m types among 540, then we have
H =< m >= {e,n}. If there are o types, then we have H =< o >= {e,0,0%}. The H is a
non trivial subgroup of G. So G is not a simple group.

Exercise 7.12. .
Exercise 7.13. .
Exercise 7.14. .
Exercise 7.15. (a). We have eg(n) = #{xw|x® =1}. The factors of 6 include 1,2,3,6. By
Zg = # Z Zr,
reG
and

Zp = 21125020, E ic; =n.
i

We have eg(n) = nlZg(z1 = 20 = 23 = 26 = 1,24 = 25 = 0). By Theorem 7.13, the generating
function of Zq is given by

x? x3
Z Za(21, 22, )xl = exp (zlx + 22? + 23— + ) .

1>0 3
We have
xn x2 $3 IG
Zeﬁ(n)T =exp | 2T+ 20—+ 23— + 26—
n=0 G 2 3 6 z1=22=23=26=1
LA
—exp |+ — 4+ 42 ).
P 2 3 6

b). For any k > 1, by ex(n) = #{n € G,|7* =1}, we similar have
( y y

Zek(n)g = €xp Z %

n=0 mlk
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Exercise 7.16. (a). Let f(n) be the number of permutation in the symmetric group G, all of
whose cycles have even length. So we have

f(n)=nlZg, (i is even, z;=1; i is odd, z =0),

where

1
ZG: @Zzﬂa

TeG

and

Zp = 211 25%..20", E ic; = n.
i

By the generating function is (Theorem 7.13)

x? x?
Z Za, (21, 29,...)2" = exp (zlx + 20— + 23— + > )

2 3
120
we have . )
Z f(?>q:” = exp <§x2 + ZSLA + 6:5'6 + ) .
n=0
By
1 1 1
In(l+z)=x— 5&:2 + gxs - ZI4 + ..
and ) ) |
—In(l—z)=z+ 51‘2 + gxg + 1174 + ..,
we have

1 1 1 1
—§(ln(1 +z)+1In(l —z)) = §x2 + Zw4 + 63:6 + ...

Therefore we have

[N

> %m" = exp (—%111(1 —a?)=(1- x2) .

n=0

(b). By (a), we have

Ma =Y () o = e () o

n=>0 ' n>0

When n is odd, the coefficient of ™ is 0. We have f(n) =0. When n is even, we have

> L0 Sy ()

n=0 m>=0
¥ (“D)™(=D)" 1-3.2m = 1) o,
m!.2m
m=0

o4



12.32..(2m— 1) ,
=2 (2m)! T

m=0

Let n = 2m, then we have f(n) =12-3%-...-(2m —1)> =1%-3%- ... - (n — 1)%. Therefore we

have
0 n s odd,
f(n) =

12.3°. .- (n—1)% n is even.

(c) See Figure[38,

Figure 38:

If there is no square in the above equation, consider a perfect match (blue line segment),
where 1 and 5 form a circle, 2 and 3 form a circle, and so on. There are 2n — 1 paired with
1, 2n — 3 paired with 2, and so on. If there is square, matching again (blue line segment + red
line segment) yields (157432)(68). This operation can return, which is a bijective matching.

Exercise 7.17. .

Exercise 7.18. The number of inequivalent m-colorings of X (about G ) is

Ng(m) = # ch(“), #G = nl.

TeG
We have ]
Nim) = =5 37 elmym
TeG
and
Nm) = =5 3" elm)(elm) — Dymt 2.
meG

If m =1, we have

N4 = 3 elm)(elr) 1) = f(n).

e
By Polya’s theorem, we have

Fo(ri,ma,.) = Zari4+ro+ > 402+ ol +1) 4+ ),
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and
Ng(m) = Fg(1,1,1,...) = Zg(m,m,m, ...).

By Theorem 7.13, we have

Z Ng(m)t" = Z Za(m,m,m..)t"

n=0 n>0

t? 3
= exp (mt + mE + mg + )

2
= t+—+—+ ... .
exp(m(+2+3+ >)

Taking the derivative of m on both sides yields:

> NG(m)t" bty bty
m = ex m - - . - —
G P 2 "3 23 ’

n>0
and
t2 t3 t2 t3 2
ZNg(m)t”:exp (m (t+—+——|—...)) . <t+—+—+--->
£ 2 3 2 3
By

2 2 2
n __ " n __
E f(n)t _E N&(D)t —exp(t+§+§+...>-(t—|—§+§+...) ,

n=>0 n=0

we have (come form the proof of Theorem 7.13)

23 1
explt+—-+-+..|] =7

2 3 1—t

By

1

/(1+t+t2+...)dt:/1—tdt,

and
L+ iy iy = —1In(1—1t)
St gt = :

we have

Zf(n)t" = % . (_ 111(1 _ t))2 _ w

Exercise 7.19. (a). Incomplete.

The quotient poset B, /G is rank-symmetric, rank-unimodal and a graded poset of rank n.
When n is odd, we have p; = P,_;, (i = 0,1,2,...,n). Ifi is even, then n—1i is odd. If i is odd,
then n — i is even. At this time, the number of elements of the ith level equal the number of

n—

elements of n —ith level. The number of elements of even rank 0,2,4, ..., Tl equal the number
of elements of odd rank n,n —2,n —4, ..., ”T“

When n is even. .......

(B) e

o6



Exercise 7.20. The c(l, k) is the number of permutations in G; with k cycles. The generating
function of the sequence c(l,1),¢(1,2),...,c(l,1) is given by (see page 88)

c(l, k)" = x(x+ 1) (z +2)...(x +1—1).

MN

B
Il

1

Let ¢(1,0) = 0, we have

c(l,k)z* = x(x +1)(x +2)...(x +1—1).

MN

e
Il

0

From the right-hand of the above equation, it can be seen that this equation is a real coefficient
polynomial, and its roots are real numbers 0, —1, =2, ..., —l+1. By Theorem 5.12 (Newton), the
sequence c(1,0),c(l,1),...c(1,1) is strongly log-concave. So the sequence c(l,1),c(l,2),...c(l,1) is
strongly log-concave.

8 A Glimpse of Young Tableaux

Exercise 8.1. By Figure|39 and hook-length formula

6!
5.4-2.2.1-1

f 9,

there are 9 standard Young tableauz as Figure [40.

Figure 39:

Exercise 8.2. We need to proof that the number of SYT of shape X = (n,n) is the Catalan
number C,, = —L (Qn) By

n+1 n |nl)|..138]|2
n n-1|n-21..1|2

~

and the hook-length formula, we have

@)1 2n\
/= (n+1n!  n+1 (n) =Con.

o7




1]2]4]s] 1]2]3]s]

._.
()
o

E3

t]2]3]4] [1]2]4]6] 1356
56 35 24
tsfafs] [1]s]a]s] [t]2]3]s]
2|6 2 (6 45

Figure 40:

Exercise 8.3. The L(m,n) is the set of all partitions with at most m parts and with largest
part at most n, i.e., L(m,n) is the set of the Young diagram that is contained in a m X n
rectangle. Its partial order relationship is an inclusion relationship. The L(m,n) is graded
poset of rank mn. Therefore, each mazimal chain of L(m,n) can be seen as a walk from empty
partition O to A =nnn..n (m n's), and the type of the walk is W = U™".

For L(4,4), the number of mazimal chains are in the poset L(4,4) is the value of a(U**, \),
where A = 4444. By the diagram

716]5] 4
61543
514132
i3 21

and the hook-length formula, we have

16!

16 A =
CY(U 7)‘)_f _7-62'53'44‘33‘22

Exercise 8.4. Method 1: The c¢()\) denote the number of corner squares (distinct parts) of
partition X. So >, . c(A) is the number of edges in graphs Y, _1,. By Corollary 8.10, the
number of ways to choose a partition X\ = n, then delete a square form X\, then insert a square,

ultimately change back to \ is

n

> Ip(n—s) —p(n—s—1)s.

s=1

This number just right is the number of edges in graph Y,_;,. Therefore we have

YN =) [pn—s) —pln—s—1)s

Arn -
=[pn—1)—pn—2)]-14+[pn—2)—pn—3)] -2+ ..
+[p(2) = p(V)] - (n = 2) + [p(1) = p(0)] - (n = 1) + [p(0) — p(=1)] - n
=pn—1)+pn—2)+..+p(1)+ p(0),

o8



where p(—1) = 0.

Method 2: (Combinatorial proof) Observe the relationship between the number of corner
square in the partitions of 4 and 3,2,1,0 in Figure[/1] : For the correspondence, we delete the

M

W’.‘ 21
31:

)
22: } 20544
ol o 111

L ]
—
—

211:

° 2O |

1111:

Figure 41:

points and their corresponding columns from the original partition on the left side in Figure
resulting in a partition of 3,2,1,(). We have

> =0(0) +p(1) +p(2) + p(3).

A4

By comparing the partitions X' of 3,2,1,0 with 4, we can restore the partition X of 4. So this
is a bijection. Similarly, we can generalize to the case of n. We have

> e(A) =p(0) +p(1) + ... + p(n — 1).

Exercise 8.5. For any partition A\, we will draw its Yang diagram. We delate the two connected
squares from its Yang diagram, so that the remaining squares are still another Yang diagram of
partition. At this time, we have removed one odd length and one even length, and the number
of odd and even numbers in the remaining squares remains unchanged. For erxample, we can
see Figure . We use —, | denote delate square. Recursively, each time the squares are delated
i this way, a square of 1 is obtained, which is a triangle number, or the square cannot be
delated in the ladder diagram shown in Figure . (The deletion cannot continue until similar
cases occur) At this point, the hook length in each square is odd. Let the number of squares in
each row be h,h — 1,h — 2,2, 1 and the numbers in each square are odd. Then the number of
odd hook lengths is h+(h—1)+ (h—2)+...42+1 = w The number of even hook lengths
15 0. Their difference is a triangular number.
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Figure 42:
5 3 |1 71513 |1
5 3¢ |41
31
3|1
1
L 1
Figure 43:

Exercise 8.6. See [3, Chapter 7, Exercise 7.16]. R. P. Stanley, Enumerative Combinatorics
(volume 2), Cambridge Studies in Advanced Mathematics, vol. 62, Cambridge University
Press, 1999.

Exercise 8.7. .
Exercise 8.8. .
Exercise 8.9. .

Exercise 8.10. Method 1: For the process of adding and delating square, it can be seen as a
walk from empty partition O to O, and the type of the walk is w = D**U"D"U**, X\ = (). By
Theorem 8.4, we have

alw,\) = fA H (bi — a;)

1€Sw

1€Sw
=2n2n—1).2n—(n—=1)]Bn—n)B3n —n—1)...[3n —n — (2n — 1)
_(n ((2mD?

N | —
n! (2n)! n!

Method 2: We consider that actionw to 1. The U represents multiplying by x, D represents
Dx. We have D*"U"D"U*" - 1. Therefore we have

1—2” = 2n(2n —1)...(n + 1)2" — 2n(2n — 1)...(n + 1)2** — 2n(2n — 1)...(n + 1)[(2n)!].
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We obtain
((2n)!)?

2n(2n — 1)...(n + 1)[(2n)!] = "

Exercise 8.11. See [3, Chapter 7, Exercise 7.15]. R. P. Stanley, Enumerative Combinatorics
(volume 2), Cambridge Studies in Advanced Mathematics, vol. 62, Cambridge University
Press, 1999.

Exercise 8.12. By DU =UD + I and DU* = U'D +iU""', we have
D?*U? = D(DU?) = D(U*D +2U) = DU*D + 2DU
= (U?D+2U)D +2(UD + 1)
= U?D? +4UD + 21,
and
D*U* = D*(DU?) = D*(U?D + 3U?)
= D(DU®D + 3DU?)
= D((U*D +3U*)D + 3(U*D + 2U))
= D(U*D*+ 6U*D + 6U)
= (U*D + 3U%)D* +6(U*D +2U)D + 6(UD + I)
=UD? +9U*D? + 18UD + 61.

Note: For 12 and 14, let’s take a different approach: Let D = % = D, be a deriwative
operator and U = x. So DU = UD + I is equivalent to D, -x = xD, + 1. Let’s apply it to a
simple polynomaial x™ as follows: We have

D3P - a" =D 2" =D 2" = (n+3)(n+2)(n+1)- 2"

Suppose
D3U? = c,U3D? + ¢,U?D? + ¢3UD + cy.

We consider
(clUPD? + coU?D? + c3UD + ¢4) - 2" = (eyn(n — 1)(n — 2) + con(n — 1) + csn + ¢4) - 2™,

Let n = 0, we obtain ¢4 = 6. Let n = 1, we obtain c3 = 18. Similarly, we obtain co = 9,
Cc1 = 1.

Exercise 8.13. .

Exercise 8.14. We use mathematical induction method. Forn =1, UD = DU always holds
true. For n = 2, we have

U’D*=(UD-1UD=UDUD —-UD =UUD+I)D—-UD = U?D?.
Assuming the equation holds for n — 1, we have

UrtD" !t = (UD — (n—2)I)...(.UD — 1UD.
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Therefor we have
Dt =UU DDt =UU" D)D"
=UDU" " - (n—1U D!
=UDpU" D" — (n—-1) U D!
=((UD — (n— 1)1 U™ D"
=(UD - (n—1)1)(UD — (n—2)I)...UD — I)UD.

This completes the proof.
Exercise 8.15. .
Exercise 8.16. .

Exercise 8.17. (a). Let S ={1,2,...,n} = S1USU...US;. Letne S, #S1 =k+1 fora
certain k, 0 < k <n—1. Therefore, Sy, ..., S; is a partition of an [n — 1 — k|-element set. We
have

n—1 n
B(n) =) (”; 1>B(n— L—k)=>" (Z_ 1)B(n—k).
k=0 k=1 N
Now we take the derivative of F(z) and obtain
)= Y B
x) = n
= (n—1)!
n—1
n—1 !
= Bn—1—-k
n>1k:0( k ) ( )(n—l)!
" /n—1 !
= B(n—k
;;(k—l) ( >(n—1)‘
= Z i ! B(n — k)™
e (k—1Dl(n—k)!
n ZBk_l :En—k
= B(n—k
;;(l{:—l)' ( )(n—k)'
=D Q5B
j=0 =0 J: !
o0 l’j (%) i
=> T > B(i)—¢
j=0 7 =0
=e"F(x)
So we have 1F(2)
T
]



1.€., 4P (2)

We integrate both sides simultaneously (with initial conditions) to obtain

= e"dx.

F(r) =L

Exercise 8.18. .

Exercise 8.19. (a). Let r be the number of different components in the partition X\. Then
U(N) is a sum of r + 1 terms and D(N) is a sum of r terms. For any A\, the coefficient of the
partition X in DX isr+ 1. The coefficient of the partition X in (U + I)X is r+ 1. Therefore
we have DX = (U +1)X.

(b). We have so = 1,81 = 1,80 = 2,83 = 4,54 = 10, and

sn:Zf’\.

AFn

(¢). We use mathematical induction method. Forn =0, DX = (U + I)X always holds
true. Assuming the equation holds for n, we have

D"X = (UD" ' + D" '+ (n—1)D"?)X.
Therefor we have
DX =DWUD" '+ D"+ (n—-1)D" X
=DUD" X +D"X +(n—1)D"'X
=UD"X +D"'X +D"X + (n—1)D"'X
=UD"X +D"X +nD"'X.
This completes the proof.

(d). Observing (c), it can be concluded that $,+1 = S, + ns,_1. We have
Sp=Sp_1+ (n—1)s,_9,n > 2,
where sg = 1,81 = 1.
(e). By (d), we have
xn xn
F(.Qf) =1l+z+ anm =l+4+z+ Z(sn—l + (7’L - 1)5n—2)m'
n>2 n>2

Now we take the derivative of F(z) and obtain

-1

n n—2
/ - X X
F({lf) =1+ g Sn_l(n_l)! +x E Sn_g(n_l)!

n>2 n>2
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We have

dF(z)
i.e., iF@)
Fo) (1+ x)dx.

By integration, we obtain:
2

lnF(x):x—l—%—I—c

Based on the initial conditions F(0) = s = 1, we have ¢ = 0. So

F(z)=e"t7,
(f). Firstly, we calculate s,. By

Flz) = e Z (x + %)m7

m!
m>0

and the coefficient of x™ is 2%, we consider the coefficient of 2. Letm =n—k, k=0,1,..., | 5].
Then the coefficient of x™ is determined by n — 2k’s x and k’s "””2—2 We have

w2 (e

B (n—k)! 1
B Z El(n — 2k)! 2F(n — k)!

So

n!
=D %k (n — 2k)!
k=0
Now we consider the number of involutions in S,, i.e., the number of elements m € S,
satisfying m* = id. Suppose there are k 2-cycles, 0 < k < |%]. There are (272) methods to
select 2k elements. Put these 2k elements into k disjoint 2-cycles, we have

(2k)!

13- (2k = 1) = o

We have
%]

2 n\ (2k)!
#Hoyo” =i} = kz:% (Qk:) 2k (k)1
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,_
V|3
[y

n! (2k)!
(2k)!(n — 2k)! 2k (k)!

= I

INEAN]|

— o

n!

2k (n — 2k)!

™
[e=]

This completes the proof.

(h). By m* =id, we have 1 = 7', By (g9), P = Q, we have
Sp = Zf’\ = #{n, 7 =id}.
An

Exercise 8.20.
Exercise 8.21.
Exercise 8.22.
Exercise 8.23.
Exercise 8.24.

Exercise 8.25. (a). The process constructed from the poset Z indicates that # 7y = 1, #7, =
1,#7Z5 = 2 and satisfies recursion relations

#Zn = #Zn—l + #Zn—Qa n = 2.

This recursive relationship is the recursive relationship of Fibonacci numbers, the initial condi-
tion is # 2y = 1,#7, = 1. So we have #7Z,, = F, 1. By the generating function of Fibonacci
number, the rank-generating function of Z is given by

1

F(Z,Q):m~

Note: By fo=0,fi =1, fo =1, f3 =2, ..., we have the generating function

F(z) = fo+ fir + for> + faz® + ...
= fir + Zfle

12

=+ Z(fi—Q + fio1)a!

122

=z +a2i+ Z fisoxt ™2 4z Z fisqzt

=22 122

=2+ 2*F(z) + 2F(z).
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We have F(z) = —=

1—z—22°

Similarly, by fo=1,fi =1, fo =2, f3 = 3, ..., we have the generating function

F(z) = fo+ fix + for® + fz2° + ...

i>2

=1l+x+ Z(fifZ + fiz1)x!

i>2

=1+a+2°F(z) +z(F(z) - 1)

=1+ 2°F(2) + oF(x).
We have F(x) = 1——.

(b). Forx € Z;, we first take an upward walk on x and then a downward walk to obtain y.

If y # x, we can obtain y for a downward walk of x and then a upward walk. Now, after the
action of D U; — U;_1D; on x, the coefficient of y is 0. If y = x, it can be inferred from the
“reflection” construction of Z. If the number of elements covered by x is r, then the coefficient
of y after U;_1D; acts on x is 7.

The number of elements covering x, in addition to the r elements reflected on it, there
is also a new element added to cover x. The straight line drawn in Figure 8.1 (in book). So
there are r + 1 elements covering x. The coefficient of y after D; . 1U; — U;_1D; acts on x 1is
(r+1) —r =1. Therefore we have D;1U; — U;_1D; = I;.

Exercise 8.26. .
Exercise 8.27. .

Exercise 8.28. (a).........

(¢). For m,n > 1, there are mn + 1 different integers in permutations w € Gppi1,
denote ajas...ampt1. Let m; be the length that is the longest increasing subsequence starting
from a;. Let r; be the length that is the longest decreasing subsequence starting from a;. If
m; < m,r; < n, then we construct the following mapping

o a; — (mg, ;).
This mapping is from {ay, ag, ..., Gmpi1} to {1,2,....m} x {1,2,...,n}. This is an injection. If
a; # aj, then we have r; > r; when a; > a; and we have r; < r; when a; < a;. We have
(mi,r;) # (mj,r;). However, we have

#{ay, a0, ...;ampi1} =mn+1>#{1,2,...m} x{1,2,...,n} =mn.

This is a contradiction.
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Exercise 8.29. The 13 plane partitions of 4 as follow.

P1:47 P2:317 P3:22, P4:211, P5:11117

3 2 21 11 111
Pfi: 1 P7: 9 P8: 1 ) P9: 11° Pl[): 1 ’
2 11 ’
P11: ]7 PIQZ 1 ) P13: 1
1 1 1

The 24 plane partitions of 5 as follow.

P =5 Py=41, P,=32, P,=311, Py=221, P;=2111, P, = 11111,

3 31 21 211
PB=4 B=", Po= 31, Pu= 21, py= 21T
3 2
21 1111 111
Py = IBE Pis = ) , Pig= ) , Pu= 1, Pg= 2,
1 1
21 111 11 f 51
Pg= 1 , Py= 1 , Poy= 11, Pp= IR Py = IR
1 1 1 p )
1
1
Py= 1.
1
1

Exercise 8.30. .
Exercise 8.31. .

Exercise 8.32. (a). By

we have



We have

555311 933221
P= 332 Q= 211 :

1 1

(3332222111
“a=\5315321531)
and

10101

A=11110 1

10101

3x5

(b). The non-zero elements in A can construct an array wa. By the RSK algorithm, we
can obtain the CSPP for (P,Q). We have

AEE (PQ) ™ n(P,Q) +— 7(P,Q).
Exercise 8.33.

Exercise 8.34. (a)........

(b) The result can be referenced in the following book: David M. Bressoud, ”Proofs and
Confirmations: The story of the alternating sign matriz conjecture”, Cambridge University
Press, 1999. Please refer to Lemma 4.4 on page 165 and Equation 4.17 on page 138, which,
when combined, yield the final result.

Exercise 8.35.

Exercise 8.36. Please refer to the book: David M. Bressoud, ”Proofs and Confirmations: The
story of the alternating sign matriz conjecture”, Cambridge University Press, 1999. On page
13, Theorem 1.3 represents this generating function as:

itjtt—1

1 —
prrst n)z" —HH 1—$$Z+] -

n>0 i=1 j=1

In the 1970s, lan Macdonald recognized that the generating function provided in Theorem 1.3
can also be formulated as

1 — pititt-1 T 1 — pitith—1
S et = [T HHHW-
n>0 i=1 j=1 =1 j=1k=1

See page 14 of David M. Bressoud’s book for more details.
Exercise 8.37.
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9 The Matrix-Tree Theorem

Exercise 9.1. The number of spanning tree of the complete graph K, is k(K,) = pP~2. We
consider the number of spanning tree of G).

Method 1. Let’s first label the vertices of K}, as 1,2, ...,p, and then remove one edge. There
@ methods to remove one edge. Let S be the number of spanning tree of all G),. Then

we have
N L R ) B e )

The above equation can be understood as: A spanning tree in G, is also a spanning tree in K,
and the deleted edge does not affect this spanning tree. For example in K, as Figure[{4. For

Figure 44:

the spanning tree deb, deleting any edge in a, f,c does not affect def.

Now we have the total sum of G),’s spanning trees. Because Kp is a complete graph of order p,

where each edge is equivalent. There are a total of @ edges, hence the number of spanning

tree of Gp 1is:

o =2)p-1) 2 s
T—pp 5 o= 1) P (p—2).

The meaning of the above equation is: after removing one edge (all edges are equivalent)
from the unlabelled K,, and then label the vertices as 1,2, ...,p to obtain the number of spanning
trees for G,,.

Method 2. We use the Matriz-Tree Theorem. For G, suppose the removed edge as 1 — 2.
We have

p—2 0 -1 -1 .. -1 -1
o p—-2 -1 -1 .. -1 -1
-1 -1 p-1 -1 ... -1 -1
L(Gp) =
-1 -1 -1 -1 -1 -1

pXp



After removing the first row and first column, we

| Lo(Gy)l

obtain Lo(Gp):

(p—2 0 0 0 —p]
0 p 0 0 —p
0 0 »p 0 —p
0 0 0 P —p
A L =1 e
(p—1 0 0 0 —17
0 p 0 0 0
0 0 p 0 0
0 0 0 p 0
-1 -1 Al R A T
= (p— D"+ (=1)P(=1) - (=P (=1)p?
=(p—2)p"°.

Therefore we have k(G,) = (p — 2)pP~3.

Exercise 9.2. The K, s is the complete bipartite graph. We have

Then we have

L—rl=

0
—1
-1

—1

sS—rT

0
-1
-1

0
-1
-1

-1 -1

sS—7T

0
-1
-1

0
—1
-1

0 -1 -1

0 -1 -1

s -1 -1

-1 r 0

-1 0 r

-1 0 0
0 -1 -1
0 -1 -1
s—r —1 -1
—1 0 0
-1 0 0
-1 0 0

—1
—1
—1
0 )
0
r (r+s)x(r+s)
—1
—1
—1
0
0
(r+s)x(r+s)



By performing linear transformation on L — rl, we can obtain:

s—r 0 0 .. 0 -1 -1

0 s—r 0 .. 0 -1 -1

0 0 0 s—r —1 -1

L=rl=1 0 1 1 . -1 0 o0
0 0 0 .. 0 0 0

0 0 0 .. 0 0 0

Taking the determinant of L — xI, we can obtain:

[z — s 0 0 .. 0 1 1
0 r—s 0 .. 0 1 1

0 0 . r—S8 1 1

L —=l] = 1 1 1 T —r 0
1 1 1 1 0 r—r

1 1 1 1 0 0
T —S 0 0 . 0 1 1

0 z—s 0 . 0 1 1

B 0 0 0 ... z—s 1 1
o 0 0 0 0O z—7r 0
0 0 0 0 0 r—r
1 1 1 1 0 0
(v —s 0 0 . 0 1 1
0 z—s 0 . 0 1 1

B 0 0 0 ... z—s 1 1
o 0 0 0 0O xz—7r 0
0 0 0 0 0 r—r
1 1 1 1 0 0

71

-1
-1

(r+s)x(r+s)

4 (r4s)x(r+s)

r—=x
r—x

r—=x

r=r (r+s)x(r+s)

4 (r4s)x(r+s)



and

T — S 0 0 0
0 r—s 0 0
L —azl| = (z—7r)!
0 0 0 T —S s
i 1 1 1 1 r—r]
(x—s 0 0 0 ]
0 z—s 0 0 T
= (x —7r)"!
0 0 0 r—S «x
1 1 1 1 T
(r—s 0 0 . 0 1]
0 r—s 0 . 0 1
=a(r —r)!
0 0 0 r—s 1
|1 1 1 1 1]
(xr—s 0 0 0 0 ]
0 r—s 0 0 0
=a(x—r)!
0 0 0 ... z—s 0
|1 1 1 .. 1 (1—;5)_
— o s—1 o 7“1_ r
oo =)o = sy (- =)

z(z—7r) "z —s)"(z—s5—71).

(a). We have rank(L —rl) < r+ 1. A lower bound on the number of eigenvalues of L
equal tor is > s — 1.

(b). Assume s # r. By the symmetry of s and r, the number of eigenvalues of L equal to
sasr—1.

(¢). By |L —xl| =xz(x —7r)" Yz —s)"" Yz —s—r), the eigenvalues of L are

0 (number : 1), r (number : s—1), s (number : r—1), r+s, (number : 1).

Note: The author does not seem to want to directly obtain all the eigenvalues of L from
the equation of |L — xI|. By (a) and (b), the number of eigenvalues of L equal to r is > s — 1.
The number of eigenvalues of L equal to s is = r — 1. We have tr(L) = 2rs. The sum of all
rows in L is 0. So we have |L| = 0 when x = 0 in |L — xI|. There is a eigenvalue 0 of L.
There exist v+ s eigenvalues of L. (now at least (s—1) r, (r—1)" s and 1’ 0.) Then the other
eigenvalue is 2rs — 0 —r(s —1) —s(r — 1) =r +s.
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(d). We know all the eigenvalues of L. We have

1
r—+s

TS_IST_I(T 4 S) — T’S_IST_I.

K(’%s) =

(e) Let V(K,s) = ViUVa, where Vi = {uq, ..., u.} and Vo = {vy,...,vs}. Let T be a spanning
tree of K,.s. For any e € E(T) satisfies e = {ug,v,.} , we delate the largest leaf. If the largest
leaf belongs to Vi, then record its parent node in Cs. If the largest leaf belongs to Vs, then
record its parent node in Cy. Until there are two remaining vertices, one of them must belong
to Vi, another belonging to V4. So Cy € Vf’l, Cs € V{’l. Therefore we have

#{Cl} : #{02} = 7“57187“71.

! C6-B.3) a"’/‘fr,s’

] /
i Tg C, :U,"I,"I,IL) § ,{/g”y;p//
R4

Figure 45:

Exercise 9.3. .

Exercise 9.4. By the definition of G,, we have Figure .

GS: Gé:

Figure 46:

The eigenvalues see Ezercise 5(h) for Chapter 2.
The Gp is 4 degree reqular. Consider the eigenvalues of A(Z,)

E+&2+6+¢7,
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2mij

where £ = e » . Firstly, we have

p—1 p—1 P _
[Me-g) =21 [Je-g=""1
j=0 J=1

If x =0, then we have

p—

1
(5]: p1H53—1:>H€j—
1

J=

If v =1, then we have

p—1
H(1 -&)=p
j=1
We have
p—1
mm=%ﬂ@—@%{f+&+§m
j=1

=—H )& + 3¢ + 1)(& — 1)

—_

=p-(~1 )p (& +3¢+1)

bS]

=p- (=17 | (& +a®)(& +b°)

(—a?)P —1 (=02 —1

—a2—-1 -1
= pe (1P (e = () - 1)
=SP4 (1 4 2)
L oy
zpé(ap—bp)Q
—p F?,

where a??> =1, —(a> +V?) = =3, ab=—1,a+b=1,

Lo
Fp:ﬁ(a — ).

Exercise 9.5. The C,, is the n-cube. It is n degree reqular. The C,, have (7) eigenvalues equal
ton — 2, for each 0 < i < n. Let Kon be the complete graph of order 2™. It is 2™ — 1 degree

74



regular. The eigenvalues are —1 (number : (2" —1)), 2"—1 (number : 1). By C, = Kyn —C,
and the symmetry of Kon,C,,, the C, 1s 2" —n —1 degree reqular. The adjacency matriz of Cn
1s the adjacency matriz of Kon minus the adjacency matriz of C,. Therefore the eigenvalues

of C,, are

n))’ 1<i<n; 2"—n—1 (number: 1).
i

—1 = (n—2i) (number : (

We have

Note: T]: 9(1) = 9271,

i=1
Exercise 9.6. .

Exercise 9.7. (a). We have

— Mt

5



From the multiplication of block matrices, it can be concluded that:
42— 0 M 0 M\ (MM! 0
\Mt 0 Mto0 ) 0 MM

- (—?W (b_—]\;[)[) ((a—_be)I _éw )

a—a
a—a —-M
B a—a
o b—a
b—a
—M?
b—a
a—>b
a—> —-M
a—>b
b—0>b
b—>b
— Mt

= (L —al)(L — bI).

The eigenvalues of L(G) are Ay, g, ..., \,. Therefore, there exists an invertible matriz H, such
that:

A 0 0 .00

0 X 0 .. 0
HLH ' =
0 0 0 .. A
We have
)\1—61 0 0 .. 0
0 X—a 0 .. 0
H(L—al)H ' =
0 0 0 .. \py—a
M—b 0 0 .. 0
0 X—bo0 .. 0
H(L—-b)H ' =
0 0 0 .. \,—b
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We have
HA’H ' = H(L—al)(L — b[)H*1

(M —a)(\ — b) 0 0 .. 0
0 Co—a)a—b) 0 .. 0
0 0 0 . (A —a)A, —D)

The eigenvalues of A* are (\y —a)(A —b), (A2 —a)(Aa —b), ..., (A, —a)(\, — D).
(b). See Figure[{7

Exercise 9.8. (a). Lemma: Two commutative p X p matrices Aand B can be diagonalized
simultaneously, i.e., there exists an invertible matriz X such that XAX ™! and XBX ™! are
both upper triangular matrices.

Proof: We use mathematical induction method. For n = 1, the conclusion s clearly valid.
Assuming the lemma holds for n < k. For n = k, let the eigenvalue of Abe X\, and the
corresponding characteristic subspace be W. By AB = BA, for any x € W, we have A(Bx) =
B(Az) = ABz. So Bx € W and W is an invariant subspace of B. We take a set of bases of
W and expand it into a set of bases of the entire space. The matrixz with this set of bases as
column vectors is S. We have

_ q-1 _ AE x _ o-1 . Fox
c=S5 AS—(O al D=S5"BS= 0 1ol

From A and B being commutative, we know that S and D can be commutative, and then G
and H can be commutative. By the order of G and H are < k. There exists an invertible
matriz T such that K = T7'GT,L = T'HT is an upper triangular matriz. There exists an
invertible matriz R such that J = R7'FR is an upper triangular matriz. Let

o- (1 7).

By Q is an invertible matriz, we know that

~1 _ -1 _
are upper triangular matrices. Let X = SQ, X 'AX and X 'BX are both upper triangular
matrices. This completes the proof.

Now we consider (a). For the matriz of all 1’s, the eigenvalues of the matriz are as follows:
an eigenvalue of 0 with multiplicity p — 1 and an eigenvalue of p with multiplicity one. The
L(G) is a real symmetric matriz with the column sum 0. We have L-J = J-L = 0. Therefore,
there exists an tnvertible matriz X that allows Land aJ to be simultaneously up triangulated.
We add all rows of L to the last row and make the first p— 1column of the last row 0. We have

L —



, b1

&) ALkl ], A J dey = -RA1=Q (ppay ()= k(x)
B: k4l ,.#B (&) dy=k =L g

R(Gy) MATEA AN 0 (()-(R)3). TO-2k+1) (2(5)245)8)

AGo) ¥ 9410 K (n-ktt) (1) Ap4Api= ]
kS hl'ru)zkfrmm&@

D-a)A-L) = T (N2 TH) | Jeai<k  wda )\, X -
A A k1) (i), A, tA, = add = n+.
Y UG TR 3 8m x e 4241 L. 1)
AtJ= (12)’ (izn-:) o
j Aat 9L = O L= cath) - (a42) 289 (1) )= AL -(ad) (r)

1A= (0G) 1))
9= 5 (8{})b(5) w-5)

kl (n-ktity)
KIGo): [A) lJJ T (ki) ne )

x.u)A(a)=(0 AJ, L[a}=(“lo A) o) A (1) (L3)
A| 0 A

&“J

a1

Figure 47:
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Similarly, for aJ, we have

a o o« Q@
aJ = | . . T *
a a a ...« 00 0 ap
ap ap ap ... ap
There exists an invertible matrix X that
0, 0
0 6 * 0 0 *
XtLx=|" - , X Had)X = ,
0 0 0 0p—1 0 00 0
0 0 0 0 O 0 00 0 ap
and
01
0 82 *
XY L+al)X =
0 0 0 ... 0,1
0 0 0 . 0 o
Therefore the eigenvalues of L + oJ are 01,04, ...,0,_1, ap.
(b). By K,, is a complete graph of order p, the laplacian matriz of K, is
p—1 -1 -1 .. -1
-1 p-1 -1 ... -1
L(Kp) =
—1 -1 -1 p—1
=PI —-J=PIl+al,
where o = —1, I s the identity matriz, and J s the matrix of all 1’s. Therefore we have

L(GUK,)=L(G)+ L(K,) = L+ aJ +pl.

By (a), the eigenvalues of L + aJ are 604,04, ...,0,_1,ap. The PI is a diagonal matriz and
1s commutative with L + oJ. The eigenvalues of PI are p with multiplicity p. Therefore the
eigenvalues of L(G U K,,) are 61 +p,02 +p, ..., 0,1 + p,0. We have

p—1

(61 + p) (62 + p).(Bys + p) = })H(m p).

i=1

1
/{(GUKp) :]—)
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(c). We have G UG = K,,, where K, is a complete graph of order p. So we have
L(G) + L(G) = L(K,) = pI — J.

We have L(G) = pl — (L(G)+J). The eigenvalues of L(G)+J are 64,04, ..., 0, 1, p. Similarly,
by (a), the eigenvalues of L(G) are p —61,p —0s,...,p — 0,_1,0. We have

@) = Lo = 0l = ).~ 1) = 1 [[(r— 0

i=1

(d). See Figure[4§

o) P(6, )= iaﬁ,(cc) 57 44 (0 4AGAR R 5
L0 AR AHRTE
B80), dot (L(§-42) = -2(6,-%) - (8p4 4] ;56 )f(a,m”
5 (n)- (Bpen): 2 PG 5 = PG, -1
= P&, -0 =(1-00) (- bp )
—L!)HCH ta-p ) ef-r“ffJ
= ¢-)"'pee, &7)
= P(T, %)= (P&, -x-7).
Figure 48:

Exercise 9.9. The G* is the dual graph of G. The G' is graph that the “outside” vertex
deleted. For example, we can see Figure [{9

Therefore we have
). #E(G) = £E(G").
). In G*, except for outside vertices, the degree of all other vertices is 4.
). The G* has one more vertex than G', i.e., the outside vertex.
). k(G) = k(G"), Corollary 11.19. (Proof required ?7?)
The eigenvalues of adjacency matriz A(G') are A1, g, ..., \,. There ezists an invertible matriz
X that

A1
A2
T 'AGNT =
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Figure 49:
We have

4 *
4 M *
o 4 *
L(G ) - MT *
4 %
x k% VAN

(p+1)x(p+1)

Let Lo(Gx) be the matriz obtained by removing the last row and last column. We have

4
4 M
Lo(G") = 4 = 4Ty, — A(G™).
MT
pPXp
Therefore we have
Lo(G)] = [T Lo(G)T| = 4TI = T~ A(G)T)
4 — )\

(4—N).

1

P
1=
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By the Matriz-Tree Theorem, we have

p

K(G) = K(G") = [Lo(G¥)] = [(4 = Ao

i=1
Exercise 9.10. (a).........

(b). Incomplete.......
We have det(L — xI) = —x(puy — x)(u2 — x)...(pp—1 — x). The sign of the coefficient of x7 is
(—1)7. We have

-dl—LE M
L —zl| = do =
i Mt d, — x
-Ml—x
= Ho — &
i Hp — X

By 1 < j < p, we have
If j =1, then f1(G) = pipa...pt, = pr(G). There is a connected component. The all p vertices
can as roots.

If j =2, then fo(G) = Y07} pfiz...fii--.pip = pi(G).

If j=p—1, then f, 1(G) = pi1 + po + ... + pip—1.
If j = p, then f,(G) = 1. There are p connected components. Each vertex is a root, and there
1s only one case.

(c). We consider p(x) = Y8, fi(G)a'. This polynomial is obviously a real coefficient
polynomial. We have

p(—2) = —fi(@)z + fo(@)2* — f3(G)2® + ... + (1) £,(G) P
=|L — zl| = det|L — zI|.

The L 1is the laplacian matriz of graph G. This is a real symmetric matriz. Therefore, their
eigenvalues are all real numbers. The roots of p(—x) = det|L — xI| = 0 are all real roots.
(1, pt — 2, ..., fipy—1,0.)  Therefore, the roots of p(x) = 0 are —py, —p — 2,..., —pip—1,0, and
their are also real roots. By Theorem 5.12, the sequence f1(G), fa(Q), ..., fo(G) is strongly
log-concave.

Exercise 9.11. .
Exercise 9.12. .

Exercise 9.13. .
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Exercise 9.14. If we have fs(p) = kpP=*=1, then the number of fi.(p) of the planted forests
on the vertex set [p| with exactly k components can be obtained in two steps. Firstly, we select

a k-element subset S from [p]. There are (i) options available. Secondly, we count the number
of planted forests with exactly k components, whose set of roots is S. We have

ﬁik)::(Z)-fb@ﬁ=:k(i)pﬁ*—l

B plk 1 &
ETEDT

p—1\ ,_
- (i)

Now we need to prove that fs(p) = k- pP~*L.
See Figure [50

2 S<Ipl, #S=k.

e Iprm ARTISRAL A ARRA CH ASKRA T
LD 2R 5% kNG A% 0 A AR AL

pf. fpzkp™ ! a3 8 AW, AP prmsShhs
s$shad A A H < rERARANNEL.

B2 ARV, WEILOAL Bk, €15k,

BAED 3t IR UE 0 S H.
w) Ji . .

£ () Ple) PO Pl =i () -p - G | N
SEIA L0k

R-X(Ky)r (k- () 1= ke - CReY)]
wFeP A ithsd, RGNS 429
H43ib w43 M) M oww F v 7R B0 S5 AR 0 4
FeP. BPVes\S, p)vAk-j4480%. mu b v

— A K FRE kit AR, ‘, . /
o= (B) 4 = k(R = p G ™= (E)F 7™
Figure 50:
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10 Eulerian Digraphs and Oriented Trees

Exercise 10.1. (a). Method 1: (A direct argument) Because D is connected and balanced, D
is Fulerian digraphs. The number of T(D,v) is independent of the selection of v. Let v = vy.
A directed tree with vy as its root can only be

Vp = Up—1 —7 ... =7 VU2 —> V1.

The vy — vy has ay options to choose from, ..., The v;y1 — v; has a; options to choose
from, 1 <i < p—1. Therefore we have 7(D,v) = 7(D,v1) = a1az...ap_1.

Method 2: (Using determinants) The laplacian matriz of digraphs is
aq (05}

—a1 a1+ as —Qa9
—Q9 as + as —das

pPXp
Therefore, we have
7(D,v) = [Lo(D)

ay a2
—a1 ay + as —Qa9
—a9 a9 + a3 —das

—Qp—2 Ap-2+ dp1

a; —ap
0 ay —ao
- 0 as —asg
L 0 ap—1]
= 1102...0p—1-
(b). We have
e(D,e) =71(D,u) H(outdeg(u) —1)!
uev

= alag...ap_l(al — 1)'(@1 + ag — 1)'((12 + asz — 1)!..(ap_2 + ap_1>!(ap_1)!.

Exercise 10.2. The solution of the number for d-ary de Bruijn sequence of degree n is similar
to the solution of the number for 2-ary de Bruin sequence of degree n. The method of counting
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d-ary de Bruijn sequence is to establish a correspondence between them and the Eulerian tour
of the directed graph D(n,d) of d-ary de Bruijn graphs of degree n.

The graph D(n,d) has d"~* vertices, i.e., d"~" d-ary sequences of length n — 1. A pair of
vertices (aas...an_1,b1bs...b,_1) form an edge of D(n,d) if and only if asas...a,_1 = biby...b, 5.
In other words, the e is an edge if the last n — 2 term of init(e) is consistent with the first
n — 2 term of fin(e). For any vertices u € v, we have

outdeg(u) = indeg(u) = d, (*asas...a,_1, there are d options available at x).

So the D is balanced. The edge associated with each vertex is 2d, with a total of d"~! vertices.
According to the handshake theorem, there are dn; 24 — " edges. The D(n,d) is connected.
There 1s a one-to-one correspondence between the 2-ary de Bruiyn sequence and the Fulerian
tour of its corresponding de Bruijn graph. Similarly, there is also a one-to-one correspondence
for the 2-ary de Bruijn sequence. For the graph D(n,d), we first find 7(D,v) and then find
e(D,e)

Lemma: Ifu and v are any two vertices of D(n,d), then a directed path of length n—1from
u to v exists and is unique.
Proof: Let u = aias...a,_1,v = b1by...b,_1, then we have

U = a102...Qnp—1 —> A203...Apn_1%1 —> A3Q4...Ap_1 *1 kg —> ... —> Kk ko ... %k, 1.

So we have x; = d;. This completes the proof.

Theorem: The eigenvalues of L(D(n,d)) are as follows: an eigenvalue of 0 with multiplicity
one and an eigenvalue of d with multiplicity d*~* — 1.
Proof: Let A be a directed adjacency matriz. By lemma A"t = J (d"' x d"~'" matriz of all
1’s). The eigenvalues of J are as follows: an eigenvalue of d"~' with multiplicity one and an
eigenvalue of 0 with multiplicity d*~* — 1. Therefore, the eigenvalues of A are as follows: an
eigenvalue of dC with multiplicity one and an eigenvalue of 0 with multiplicity d*~* — 1, where
C s a specific n — 1-degree primitive root of unity. By there are d rings for A, the trace of A is
d. We have ( = 1. By L(D) =dI — A, The eigenvalues of L are as follows: an eigenvalue of
0 with multiplicity one and an eigenvalue of d with multiplicity d"~* — 1. This completes the

proof.

The number of d-ary de Bruijn sequences of length n which begin with n 0’s is

e(D,e) = 7(D,u) [ [(outdeg(u) — 1)!

ucv

1 n—1
= o Sdr H(outdeg(u) — 1!

ucv

=d" T (d - D

Exercise 10.3. .

Exercise 10.4. .
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Figure 51:

Exercise 10.5. The exercise lacks one condition: the connectivity of graph G. The Figure
15 a 2-degree regqular graph with § vertices, 8 edges, and no self-loops.

(a). By the handshake theorem, we have %l =gq, i.e., pd = 2q.

(b). Matriz A is a non negative matriz. The adjacency matriz A of graph G is irreducible
< G is connected and is not an isolated vertex. By Perron-Frobenius Theorem, the eigenvalue
of A exists and is greater than 0, denote A\n.x. We consider the number of closed walks as
follows. The number of walks with a length of 5 starting from v; is d*. So the number of closed
walks satisfies < p-d°. We have \; < d. (If not, there is \; > 0. Let { — oo. This is a
contradiction. )

We consider the Laplacian matriz L(G) = dI — A for G. The eigenvalues d — \; of L(G)
are non negative. And the row and column sums of L(G) are both 0. Therefore, there must be
a 0 eigenvalue. So there is a Apax = d.

(¢). If G has no multiple edges, then the number of closed walks of length 2 in G is pd = 2q.

(d). The number of closed walks of length | in G is 6' +2 - (=3)!. If | = 2, then we have
pd =29 =36+2-9=>54. So we have ¢ = 27. Bypd =54 =2 x27T =3x 18 =6x9
(pd = 1 x 54 is impossible) and G has not multiple edges and self-loops, we have p > d and

d| p
21 27
31187
6| 9

By (b), we have \; < d. We know that 6 < d by the condition of (d). So the only possibility is
d=6,p=9,q=27. By

fa) =M+ X+ ..+ A =6"+2-(=3),

the eigenvalues of G are 6,—3,—3,0,0,0,0,0,0. The G is d degree reqular, we have

1 1 6 __ 6
/i(G):]—Q(d—>\1)(d—)\2)...(d—)\p_1):§-9~9'6 =9.6°.

(e). For the number of closed walks in G walk along each edge of G exactly once in
each direction, we need to find the number of Fulerian tour of the graph G. The G is a
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connected undirected graph without self-loops. The G is a directed graph that replaces each
edge e (p(e) = {u,v}) in G with a pair of directed edges ¢’ and € that satisfy p(e') = (u,v)
and p(e") = (v,u). The G is connected and balanced.

In here, for any u € V, we have outdeg(u) = d. By Example 10.6, the Matrixz-Tree
Theorem is a corollary of Theorem 10.4. We have L(G) = L(G). Therefore we have

7(G,v) = detLo(G) = detLo(G) = k(G).
By (d), we have k(G) =9-6°. We have

e(G,v) = 7(G,v) - [[ (outdeg(u) — 1)1 =9 6°[(d — 1)!}".

ueV
By (d), we have p=9,d =6 and (G, v) =9-6° - (5!)°.

Exercise 10.6. (a). Incomplete.........

By €(G,v) = 7(G,v) - [ [,y (outdeg(u) — 1)!, we have outdeg(u) —1 =1 or 0. We have
outdeg(u) =1 or 2 for any u € V. We need to find that the number of balanced digraph with
p vertices satisfy outdeg(u) =1 or 2 and 7(D,v) = 1.

Exercise 10.7. The digraph D has p vertices and is 2d degree reqular. For any u € V, we
have outdeg(u) = indeg(v) = d. The graph D' has p vertices and is 4d degree regular. For any
u €V, we have outdeg(u) = indeg(v) = 2d. By

e(D,v) =71(D,v) - H(outdeg(u) — 1) =det(Lo(D)) - ((d —1)H)?

ueV

and D' is the graph obtained from D by doubling each edge, we have L(D') = 2L(D). We have
detLo(D'") = 2P~ det Ly(D).
Therefore, we have

e(D',e)=71(D",v)- H(outdeg(u) — 1!
= det(Lo(D")) - ((2d — 1)!)”
= 22"1detLy(D) - ((2d — 1)!)P
N Y
=2y P

Exercise 10.8. (a). Let { be a fized positive integer. We have Al = J, where J is a matriz
of order p of all 1’s. The eigenvalues of J are as follows: an eigenvalue of p with multiplicity
one and an eigenvalue of O with multiplicity p — 1. The eigenvalues of A are as follows: an
ergenvalue of \/p-C with multiplicity one and an eigenvalue of 0 with multiplicity p—1, where ¢
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is a (-degree primitive root of unity. (Note: If Ais a real symmetric matriz, then the eigenvalues
of A must be real numbers. However, at this point, A is a directed adjacency matriz, and it
is currently uncertain whether it is symmetric or not.) By tr(A) =0x (p—1)+p-( is a
non-negative integer (The sum of diagonal elements of A). So we have ¢ =1, \/p is a positive
integer. The eigenvalues of A are as follows: an eigenvalue of \/p with multiplicity one and an
eigenvalue of 0 with multiplicity p — 1.

(b). The number of self-loops in D is equal to the sum of diagonal elements in the directed
adjacency matriz of D. There are \/p self-loops in D.

(¢). Incomplete.....

For any vertices u,v of D, there is unique directed walk of length ¢ form u to v. The D
is connected. Let E be the column eigenvector corresponding to the mazimum eigenvalue of
A(D). We have A-E =\/p-E. By (A-E)' = ({/p- E)", we have E' - A* = \/p- E*. We have

E'-A'E=p-E'-E=E(/p-E).

The A is a directed adjacency matriz of D. The A is non-negative. By D is connected,
A 1s an irreducible matriz. By Perron-Frobenius Theorem, there is an eigenvector for \/p
(unique up to multiplication by a positive real number) all of whose entries are positive. Let E
be this eigenvector. By E'(A'E — /pE) = 0, E" = (%1,%,...,%p),%; > 0, 1 < i < p, we have
A'E = /pE = AE. (It’s not over yet, for example: (—1,1)(1,1)" =0). We need to prove

1 1
Al Y 1
1 1

(d).ooeeeenn Incomplete

If we have outdeg(u) = indeg(u) = d for any uw € V, then the number of direct walk of
length 1 from vy is d' for any vy € V.. We know that the existence and uniqueness of directed
walks with length 1 from vy to any vertex. There are p vertices in D. We have d' = p.

(e). The eigenvalues of A(D) are as follows: an eigenvalue of \/p = d with multiplicity one
and an eigenvalue of 0 with multiplicity p — 1. We have L(D) = dI — A(D). The eigenvalues
of L(D) are as follows: an eigenvalue of 0 with multiplicity one and an eigenvalue of d with
multiplicity p — 1. Therefore we have T7(D,v) = % -dP~t and

e(D,v) = 7(D,v) - [ (outdeg(u) — 1)! = ]19 LY (d = D).

ueV

Exercise 10.9. (a). If n > 3, then we have n! > 2n. There are n! permutations of [n]. There
are n! circular factor of length n for sequence ajas...an. Suppose this sequence (in Exercise)
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exist. The 123...n is a permutation of [n]. Let 12...n be the first n terms for this sequence
under modular n! operation. We have

123...n%1 *g...0%p......

The sequence x; = 1 in the n + 1-term. If not, the circular factors 23...nxy starting 2 is not
the permutation of [n]. Similarly, we have xg = 2, %3 = 3, ..., %, = n. However, %1 xg ...x, = n
is same as 12..n. (By n! > 2n, there exist %1 *q ...x,, = n). This is a contradiction. There
does exist this sequence.

(¢). By n =3, the all permutation of n — 1 terms are 12,13,21,23,31,32. By n! =6 and
123 %1 *o%3, the %1 is 1 or 2. If xy = 1, the only possibility is xo = 3,%3 = 2. If %9 = 2, the
only possibility is xo = 1, %3 = 3. The number of universal cycles beginning with 123 is 2, i.e.,
123132, 123213.

Note: In fact, there are 3 universal cycles. The other one is 121323 (in an equivalent
sense).

11 Cycles, Bonds, and Electrical Networks

Exercise 11.1. (a). FEach vertex in C, is connected to n vertices. By handshake theorem,
2"-n
n

there are 22 = 21 . n edges in C,,. By
dimf=p—k=2"—1,

we have
dimC=q—p+k=2"1n-2"+1=2"n-2)+ 1

By Lemma 11.4, 0 # f € C, ||f|| contains an undirected circle. The C,, is a bipartite graph,
which only has even cycles. Three edges cannot form a circuit in C,,. Therefore, there is not
circulation supported on three edges.

Exercise 11.2. .
Exercise 11.3. ..........

Exercise 11.4. We have bonds < minimal cut-set. Let set A be a set that satisfies the
requirements of the question. The A is not contain bonds and the largest set of edges. The
K, \ A is also connected. If A contains the most elements, then K, \ A is a tree. Therefore we
e p-1) r-2-1)
P\p — p—2)\p—
#A=—0—--1)= 5

The A can contain up to % edges. The number of this set is k(K,) = pP~2.
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For example, for K3, we have A = {a},{b},{c} and p*~2* = 3372 = 3. For K4, we have

A ={acd}, {cde}, {ace}, {ade},
{cdf},{cdby, {bcf}, {bdf},
{acf}, {def}, {bde}, {abd},
{abe}, {bef},{afe}, {abf},

and pP~2 = 4% = 16.

Figure 54:

Exercise 11.5. .
Exercise 11.6. .

Exercise 11.7. (a). Counterexample. The edge-transitive graph is not vertez-transitive: star
graph in Figure 53,
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Figure 55:

Figure 56:
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The vertex-transitive graph is not edge-transitive: Figure[56, For Figure[56, this is vertex-
transitive graph, but this is not edge-transitive. For the edge 1 — 2, there is only one circuit
including 1 —2 of length 4, i.e., 1—2—6—5—1. For the edge 1||5, there are 2 circuit including
1 =5 of length 4, i.e., 1—5—6—2—1and1—5—4—8—1. there is not an automorphism
which takes 1 — 2 to 1 — 5. So the graph is not edge-transitive.

(b). We have
R(D) = L the number of spanning trees containing edge e
N 1,  the number of spanning trees not containing edge e’

Let x be the number of spanning trees containing edge e. Let y be the number of spanning trees

not containing edge e. Then we have R(D) = v Let the q edges be ey, es,...,eq. Let z; be
the number of spanning trees containing edge eq. By the graph G is edge-transitive, we have

T1 =Ty = ... = 4. A tree containing p — 1 edges. Therefore, we have
x-q
=k(G) =2+,
P (G) y
z _ _p—1
and = T

Exercise 11.8. (a). Let D be a loopless connected digraph with q edges. If there are p vertices
in D, then we have dimB = p—1 and dimC = q—p+1. By Lemma 11.6, the columns of B[S]
are linearly independent if and only if S is acyclic. By dimB = p — 1, the S is a no circuit
graph with p — 1 edges. Thus S is a tree. By Binet-Cauchy Theorem,

detBB' =) "(detB[S])(detB'[5)),
S

where S ranges over all p — 1-element subsets of the edges of D, and A'[S] = A[S]', we have

detBB' = " (detB[S])*.

By Theorem 11.13, the basis matrices B of B are unimodular. When S is an edge of a tree,
we have detB[S] = %1, other cases are 0. At this time, in the right-hand side of the above
equation, when S forms the edge set of a spanning tree of D, it is equal to 1, and in other
cases it is 0. Therefore we have det BB = k(D).

Similarly, By Theorem 11.6, the columns of C[S] are linearly independent if and only if
S contains no bond. By the proof of Theorem 11.13, detCr[T}] = £1 if and only if T} is a
cotree. Therefore we have

detCC' =) "(detC[S])(detC'[S]) = > (detC[S])?,

S t

where S ranges over all ¢ — p + 1-element subsets of the edges of D. If S is a cotree, then
detCls] = £1 and other cases is 0. Then we have detCC" = k(D).
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(b). By dimB = p—1,dimC = q—p+ 1, we have Z = (g) 1S a q X q matriz and

Zt = (C*, B"). We have
t __ C t t CCt CBt
Z'Z_(B (& B)=\pct BB

By the row vector of B is orthogonal to the row vector of C, we have CB' = 0, BC* = 0. We
have

detZ - Z' = detCC" - det BB' = (k(D))?.
by detZ - Z' = (detZ)?, we have detZ = +r(D).
Exercise 11.9. .

Exercise 11.10. We have

R(D) = — 1 the number of spanning trees containing edge e, #[eg € T]
I, the number of spanning trees not containing edge e,  #le, ¢ T|
We have v 4 7
- 1 er e
R(DY) = -7 =Vi(-5) =V a7
I I #ler ¢ T

By Proposition 11.18, the set S is the set of edges of a spanning tree of D < S* = {e*, e € S}
is the set of edges of a cotree of D*, e € T < e* ¢ T. We have

#leq € T) = #le; ¢ T), #leq ¢ T] = #[e; € T},

and
N T
BID) =V 7Dy = RD)y

Exercise 11.11. Let add edge e;. By the definition of the extended Smith diagram of a squared
rectangle, we have

I:EFE—R
I, — The edge length of the square corresponding to edge e
I, = —a

V:E— R
V. +— The edge length of the square corresponding to edge e
Vo, = —a

Therefore we have

<L,V >=Z[(€)V(€): Z I(e)V(e) —ab = Z I*(e) —ab = 0.
eck e€E\e1 e€E\e1
“geometric significance”: In the squared rectangle, the sum of the areas of all internal small

squares is equal to the sum of the areas of the rectangles.
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Exercise 11.12. Let D be the extended Smith diagram of a X b squared rectangle. For the new
edge ey connecting two polar, let I., =b V., = —a. The two Kirchhoff’s Law are true for all
vertices. For edge R, = 1 outside e; , we consider this graph as a planar electrical network.
By Corollary 11.15, we have

R(D) the number of spanning trees containing edge e #le1 € k(D))

" the number of spanning trees not containing edge e, #ley ¢ k(D)]

By R(D) = —‘I/;l = ¢, there exists a positive integer k such that

#le; € k(D)] = ka, #[e; ¢ k(D)] = kb, k(D) =ka+ kb= k(a+Db).

We have (a + b)|x(D).

12 A Glimpse of Combinatorial Commutative Algebra

Exercise 12.1.
Exercise 12.2.
Exercise 12.3.
Exercise 12.4.
Exercise 12.5.
Exercise 12.6.
Exercise 12.7.
Exercise 12.8.
Exercise 12.9.
Exercise 12.10.
Exercise 12.11.
Exercise 12.12.
Exercise 12.13.
Exercise 12.14.
Exercise 12.15.
Exercise 12.16.

Exercise 12.17.
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Exercise 12.18.
Exercise 12.19.
Exercise 12.20.
Exercise 12.21.
Exercise 12.22.
Exercise 12.23.
Exercise 12.24.
Exercise 12.25.
Exercise 12.26.
Exercise 12.27.
Exercise 12.28.
Exercise 12.29.
Exercise 12.30.
Exercise 12.31.
Exercise 12.32.

13 Miscellaneous Gems of Algebraic Combinatorics

Exercise 13.1. In Section 13.1, if o = %, the strategy have a 30% chance of success in the
limit as n — oo. If we want a 50% chance of success, we need o > L. We have 2an > n.

2
Using the winning strategqy in section 12.1, the success rate is

2n 2n 2an

1 1 1
T ;:1—2;4— .

r=2an+1 r=1 r=1

By

(L
i (Z— - 10g“> ol

where 7 is Euler’s constant, the success rate (when n — o0) is

2n 1 2n 1 2an 1
fiics (1‘2‘) = fim (“Z}ﬁ;;)

= lim (1 — log 2n + log 2an)

n—oo

1
=1—-log— =1+loga = 50%.
o

We have logae = —0.5 and o = % ~ 0.6065. Therefore we have a 50% chance of success in
the limit asn — oo if @ = \/ié
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Exercise 13.2. Incomplete.........

A strategy: Similar to Section 13.1, the prisoners assign themselves the number 1,2, 3, ..., 100
by whatever method they prefer. FEach prisoner is assigned a different number. They regard
the boxes, which are lined up in a row, as bing numbered 1,2, ...,100 form left to right. The
prisoner with the number k opens all boxes except for box k, totaling 99. A strategy can succeed
because it aims to make all prisoners as not sees his or her name as possible, with each prisoner
having to open 99 bozxes.

L

The probability is 155;-

Exercise 13.3. (a). If all prisoners randomly select a color at the same time. Then its success
probability is 21% Because the probability of each person guessing the color of their hat correctly
each time s %, the success probability is 21% <p < % Let red hat be 0, blue hat be 1. Record
the number corresponding to the color of each prisoner as ai, as, ..., a0, a; € {0,1}. Let

Szal + as + ... + a100-

So the sum of the numbers seen by a; is S — a;. So a; guessed that the color of his hat was
red (when —(S —a;) mod 2 =0); blue (when —(S —a;) mod 2=1). When S =0( mod 2),
they guess the color of their hats correctly at the same time. When S = 1( mod 2), they also

gquess the color of their hats incorrectly. So we have p = %

Exercise 13.4. .

Exercise 13.5. (a). Similar to Theorem 13.2. Let k be the number of clubs. Define a incidence
matriz M = (M;;) over the two-element filed Fy. The rows of M are indexed by the clubs C;
and the columns by the inhabitants x; of Oddtown. Set

- 1, T; € Ci
Y10, otherwise.

Then the sum of a row of M is even. Let A= MM?", a k x k matriz. Every club has an even
number of members, the main diagonal elements of A are 0. Fvery club has an odd number of
members, the main diagonal elements of A are 1. Therefore we have A = J — I, where J is a
k x k matriz of all 1’s and I is a k x k identity matriz. We have

n > rank(M) > (MM") = rank(A) = k.

The maximum number of clubs is n.

Exercise 13.6. (a). The author believes that the title is incorrect. The mazimum number of
clubs should be 212} — 1.
For example: The clubs that meet the conditions for a,b,c are {a,b}. However, we have 2l3) =
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2. The clubs that meet the conditions for a,b,c,d, e are {a,b},{c,d},{a,b,c,d}. However, we
have 213) = 4.

Proof: Suppose that n people live in Eventown. FEwvery club contains an even number of

persons. The smallest non-zero even number is 2. These n people can form |5 | clubs, with
two people in each club. These |5 | clubs have no contact with each other. Let m = |%]. For

the club with 4 people, there are (’;) For the club with 6 people, there are (’;) And so on.
The maximum number of clubs is

(@%@*@)*"*(2)=2M—1=2L3J_1.

Exercise 13.7. Define two incidence matrices M = (M;;), N = (N;;) over the two-element
field F5. The rows of M and N are indexed by the clubs Ry, Rs, ..., R,, and By, Bs, ..., By,
respectively. The columns by the inhabitants x;. Set

1, IS R;
M;; = ‘
0, otherwise.

and
1, X S B,L

Ni; = ‘
0, otherwise.

For any i, #(R; N B;) is odd number. The main diagonal elements of M - N* is 1. For i # j,
#(R; N By) is even number. The off-diagonal elements of M - N* is 0. So M - N* = I,,,sm. We
have

m = rank(M - N*) < rank(M) < n.

This completes the proof.

Exercise 13.8. Define a incidence matrices M = (M;;) over the three-element field F3. The
rows of M are indezed by the clubs C1,Cs, ...,Cy. The columns by the inhabitants x;. Set

{1, € S Cl
Mij =

0, otherwise.

We consider the k x k matric MM'. Any two different clubs have a multiple of 3 public
members. So the off-diagonal elements of MM?" are 0 in F3. There are j(< k) elements that
1s not 0 in diagonal elements. We have

j =rank(M - M") < rank(M) < n.

This completes the proof.
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Exercise 13.9. Define a incidence matrices M = (M;;) over the two-element field Fy. The
rows of M are indezed by the clubs C1,Cs, ...,Cy. The columns by the inhabitants x;. Set

{1, T; € Cz
Mij =

0, otherwise.

We consider the k x k matrizc MMt. We have

M- M"=

1 kxk

So k= rank(M - M") < rank(M) < n. This completes the proof.

Exercise 13.10. Define a incidence matrices M = (M;;) over the two-element field Fy. The
rows of M are indexed by the clubs Cy,Cy, ...,Cy. The columns by the inhabitants x;. Set

{O, T; € Cz
Mij =

1,  otherwise.

So

)
O =

kxk

We have

k, k s even

rank(MM") = {k—l k is odd

We have rank(M - M*) < rank(M) < n. As a function of n, when k is even, the mai-
mum possibility of k is the mazimum even number of < n, and when k is odd, the mazimum
possibility of k is the maximum odd number of < n + 1.

Exercise 13.11. (a). We have |A| = |AY| = | — Al = (=1)"|A]. If n is odd, then we have
|A| = —|A] and |A] = 0.
() P Perhaps related to odd neighborhood covers.

Exercise 13.12. We consider the eigenvalues of skew symmetric matrices. Let A be a skew
symmetric matriz. The eigenvalues of A are X = a + bi. The corresponding eigenvectors is
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x = utwvi # 0, where u,v are non-zero real vectors. So Ax = Az and A(u+vi) = (a+bi)(u+vi),
1.€.,

Au + iAv = (au — bv) + (bu + av)i.

We have
Au = au — bv,
Av = bu + av.
Thus
u? Au = aulu — bulv, vT Av = bvTu + av’v.

Therefore we have
u’ Au+ 0" Av = auu + av’v = a(|u* + |v]?).

By T Au is a number, we have
u' Au = (u Au)" = v ATu = —u” Au = u” Au = —u” Au.
So ul Au = 0. Similarly, we have vI Av = 0. We have
u” Au + v Av = a(|u]* + [v]?) = 0.
By
u+vi# 0= |ul’+ v* #£0=a=0,

we have X = bi, b € R. Therefore, the eigenvalues of a skewed symmetric matrix are either
0 or pure imaginary numbers. Let V' be the subspace of M, composed of all skew symmetric

matrices. We have dim(V NV’) =0. So
-1
dimV’:(n—1)+(n—2)+...—|—1:w.

Therefore we have

¥ < i MO0 (157

Exercise 13.13. For the proof of Theorem 13.3, we restricted it within the two-element field
. We have
E(K,)=FE(B))UE(B;)U...UE(By).

The By, is a complete bipartite graph with vertex bipartition (X, Yy). Define matriz Ay by

1, 1e€XyjeYy
A i] =
(Ae)i {O, otherwise.

Fach edge of K,, is covered an odd number of times. We have S+ S*=J — I in Fy. Then we

have
n—1

2

m=rankS>n—1>

Note: The meaning of the question should be that there exists a complete bipartite partition
of m = ”T_l
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Exercise 13.14. Incomplete..............

Conjecture: the minimum value of m is |5 ].

A complete tripartite graph can allow for a X; is an empty set, in which case it is a
complete bipartite graph. By Theorem 13.3, m can take n — 1, but m should have a smaller
lower bound. Let x a smaller lower bound. Then...............

Ks: *——o m=1
1
K3Z
m=1
2 3
1
KJ. 1 2
' —e 4 m=2
i 3 1:23
3 4 <

K. i 1 4
- 5 A m=2
1923
4 3 5

Figure 57:

Similar to Figure we have m = 3 for Ky, m = 4 for Kg, and m = 4 for Kg. Som

possible reach |3 |.

Exercise 13.15. (Non algebraic proof): Define a n X n incidence matrices M = (M;;). The
rows of M are indexed by Ay, As, ..., A,. The columns by x1, s, ..., x,. Set

Mij _ {1, T; € Az
0, otherwise.
The A; — {x} means deleting the column where x is located in M. We use “Mathematical
induction”. If n =2, Ay and Ay is different from each other, there must be an element in row
Ay that is different from the same column element in row As. Then we reserve this column and
delete another column. Ay and Ay still have different rows. Suppose the proposition is hold for
n x n matrizc M. We consider the (n+ 1) x (n+ 1) incidence matrices M. Now we remove
the elements from the first column. If each row is different from each other, the conclusion

holds. If there are identical rows, only two rows can be the same, denoted A;, A;. (If the three
rows A;, Aj, A are the same, and the first column element is 0 or 1, then there must be two
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rows that are the same in the original matriz, which is contradictory). Now we delete A; row,
then a n X n matrix is obtained. According to the inductive assumption, there exists a column,
which can be set as the last column. After we delete it, the remaining n rows are different from
each other. At this point, we delete the last column from the original (n+ 1) X (n+ 1) matriz.
By A; — x = A; — x, the rows where A; and A; are located are different from the remaining
n — 1 rows. The row where A; and A; are located in the original matrixz that the first column
being 0 and the other being 1, so they are also different from each other. Therefore, even after
deleting the last column, all rows are still different from each other.

(Algebraic proof)...............
Exercise 13.16. .
Exercise 13.17. .

Exercise 13.18. Let H be a Hadamard matriz. If n = 1,2, we have the Hadamard matriz as

follow
o (1 4).

Now, suppose n >3 and H = (h;;). Byn >3 and H - H" = nl, we have

hll h12 [ hln hn hgl [ hnl n
th h22 [ hgn h12 h22 P hn2 n
hnl hn2 P hnn hln h2n P hnn n

Therefore we have
n
2 _
§ hi; = n,
i=1

and

n

D hdy =Y (W hug - byt hog - B+ oy - hgg) = (hag o+ hay) (hay + hg).
j=1

j=1 j=1

We have

n

Z(hlj + hgj)(hlj + hgj) = n.

j=1
For any j, we have hij+ hy; = 0, £2; hy; + hs; =0, £2. Therefore, the sum of each term on
the left in the above equation is a multiple of 4. We have 4|n.

Exercise 13.19. .

Exercise 13.20. .
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Exercise 13.21. .
Exercise 13.22. .

Exercise 13.23. Incomplete........

Let f(n) be the number of paths form (0,0) to (n,n), where each step in the path is (1,0),
(0,1) or (1,1). If we use HVD paths with r diagonal steps, then we must have used n — r
horizontal steps and n — r vertical steps, where H s the horizontal step, V' is the vertical step
and D s horizontal step. So the number of HVD paths with r diagonal steps was used that is
the number of permutations of the multiple set {(n —r)- H,(n —r)-V,r- D}. Therefore we

have
n

1= p s = ()

r=0 ' r=

Exercise 13.24. (a). Let g(n) = af. Then we have g(n)—a-g(n—1) =0 and g(n) = of € P.
By Q7 s nonzero complex polynomial, we have

Qi(n) =cn? +cen? + ..+ e+ e, ¢ €C.

For n?, we have n? —n - ¢! = 0. Son? € P. By Theorem 13.18, we have Q,(n) = P. So
Q1(n)at € P. Once again by Theorem 13.18, we have f(n) € P.

Exercise 13.25.
Exercise 13.26.
Exercise 13.27.
Exercise 13.28.
Exercise 13.29.
Exercise 13.30.
Exercise 13.31.
Exercise 13.32.
Exercise 13.33.
Exercise 13.34.
Exercise 13.35.
Exercise 13.36.
Exercise 13.37.
Exercise 13.38.
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Exercise 13.39.
Exercise 13.40.
Exercise 13.41.
Exercise 13.42.

Exercise 13.43.
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